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29. Output Signal-to-Noise Ratios in AM and FM
In digital modulation systems, we were able to determine the system performance quite
uniquely by calculating the probability of error. Because of the continuous nature of
analogue modulation systems, it is difficult to adopt this approach. Instead, we shall
determine and compare the performance of analogue modulation systems on the basis of
signal-to-noise raticSNR atthereceiver input and output

Performance of Amplitude Modulation [1, 2]

We have seen that the a normal amplitude-modulated signal is given by

Sc(t) =[A +m(t)] cos it (29.1)
= AlL + 2 m()] cos 2T (29.2)

where A is a constantn(t) is the modulating signal, arfd is the carrier frequency.
The modulation indexs defined as [1]

m= |min m(t) |

29.3
A (29.3)
and equation (29.2) can be written as
s() =AlL + —"——m(H)] cos it (29.4)
|min m(t) |
= A1 +Km(t)] cos 2t (29.5)

whereK =m/ |min m(t)|.
Consider the amplitude demodulator shown in Figure 29.1.
Figure 29.1 Idealised amplitude demodulation using an envelope detector.

In the presence of additive noise, the signal plus narrowband noise at the output of the
band-pass filter is

v(t) = Al1 + Km(t)] cos 2t + n(t) (29.6)

where
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n(t) = x(t) cos 21t - y(t) sin 2t (29.7)
The input signal power to the envelope detector is

_ A% APK2Ry

S=7 > (29.8)

where P, is the average power ofi(t). Substituting equation (29.7) into equation
(29.6), we get

v(it)  ={A[1l +Km(t)] + x(t)}cos 2t - y(t) sin 2rft

= J{A[1+ Km(t)] + x(t)}2 + y(t)2 cos [2t + @(t)] (29.9)
= AL+ Km(] + x@2 + ()2 costt) (29.10)
=Re {@{A[“ Km()] + x@®)}2 + yt)2 & %V (29.11)
where
— ol y(t)
@t) = tar AL KU~ X0 (29.12)
and
6(t) = 2rfot + @At (29.13)

Figure 29.2 shows the signa¥(t) in polar form with an envelope of
VAL K]+ X0} +y(0)?

Figure 29.2 Phasor diagram for AM signals plus narrowband noise.
Forlarge input signal-to-noise ratjdhe output of the low-pass filter is
e(t) = A1 + Km(t)] + x(t) (29.14)
Ignoring the first term arising from the carrier signal, the output signal power is

_ A%K%Ry

% 2

(29.15)
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Let Gp(f) be the power spectral density of the narrowband n@igeshown in Figure
29.3.

Figure 29.3 Narrowband noise power spectral density.

The mean noise power entering the envelope detector is

[e0]

J' Gn(f) df
—00
_fc+B fc+B
= M0 4t + [ 0 4
2 2

_fC_B fC_B
=npB + ngB
= 2ngB (29.16)

EIN®2] = N;

whereB is the bandwidth of the modulating signat).

Also, let Gy(f) ande(f) be the power spectral densities of the quadrature components
X(t) andy(t) of the noisen(t). They are found to be given by

Gx() =Gyl
= 2Gp(f + o) (29.17)
= g (29.18)

The mean noise power at the output of the low-pass filter is

B
[ Gxhdf
“B
2noB (29.19)

No

Therefore the output signal-to-noise ratio is

2 :
S K § (20.20)
No 1+K“Ry Ni
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an
If m(t) = am cos 27¢t, thenPy, = - K=m/anmy and

2
S __m 5 3 (29.21)
No 2+m* N;

For large input SNRand a fixed modulation index, theutput SNR is directly
proportional totheinput SNR When the inpuBNR << 1, the envelope signal is
primarily dominated by the envelope of the noise signal and the modulating signal is badly
mutilated. Under this circumstance, it is meaningless to talk about @NputThe loss

of the modulating signal at low inp@NRis called thehreshold effectThe threshold
occurs when the inplBNR< 10 dB. It can be shown that, for a small inBR the
output SNRof the envelope detector is proportional to thgiaredinput SNR[2, 3].

Figure 29.4 shows a typical asymptotic signal-to-noise characteristic for an envelope
detector.

Figure 29.4 Asymptotic signal-to-noise characteristic for envelope detector.
Performance of Frequency Modulation [1, 3, 4]

Let kf be a constant and(t) be the modulating signal. A frequency-modulated signal
is given by [1]

Sc(t) = Acos [t + ¢(t)] (29.22)
= A coso(t) (29.23)
where
6(t) = 2mfct + ¢t) (29.24)
i}
@) = ks J' my(t)dt (29.25)
and
d
(gt( ) < eme(t) (29.26)

Thepeak frequency deviatids defined as [4]
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d
Af = max % (gt( )| (29.27)

Because of the difficulty of analysing general frequency-modulated signals, we shall only
consider a sinusoidal modulating signal. Let the modulating signal of a single-tone FM
signal be

mf(t) = am cos 2Tfmt (29.28)
Substituting (29.28) into (29.25), we have

k,a

f-m .
t = sin 2Tt 29.29
W = o m (29.29)
= Bf sin 2irfpt (29.30)

where Bf = kf ap/(2mf ), and thefrequency modulation indeBs is only defined
for a sinusoidal modulating sign&ubstituting equation (29.30) into (29.22), we have

Sc(t) = Acos (21t + S5 sin 2rfmt) (29.31)

The input signal power to the frequency demodulator is

2
A
§ = = (29.32)
and
[y
@) = ks J' myf(t)dt = Bf sin 2yt (29.33)

Differentiating both sides with respect to time and solvingrigt), we get

21fmBt

my(t) = cos 2tfmt

Hence the output signal power is

(PrBL+ [?

1
oS0, A (29.34)
o K 0O
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whereB = f, is the bandwidth of the modulating signg(t).

To simplify the analysis of noise in FM systems, we assuma@) = 0 and consider the
frequency demodulator shown in Figure 29.5.

Figure 29.5 Frequency demodulation using a frequency discriminator.
The input signal to the limiter is
r(t) = Acos 2tct + n(t) (29.35)
where
n(t) = x(t) cos 21t - y(t) sin 2rfct (29.36)

Substitutingn(t) into equations (29.35), we get

r(t) = [x(t) + Alcos 2rfqt - y(t) sin 2rfet
= \[x(t) + A2 + y(t)2 cos [2fct + @t)] (29.37)
= J[X(O) + A2 +y(t)2 cosd(t) (29.38)
where
_iaml YO
o = tant S (29.39)

and
O(t) = 2mfct + t)
The signal at the output of the limiter is
v(t) = Kcosi(t) (29.40)

SettingK = 1 and taking the derivative éft), the output of the differentiator is given
by

da()

V() = -sing(t) =

(29.41)
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= -sin@(t) [2nfc + d(g(tt)]

and the signal at the output of the low-pass filter is

_ dext)
e(t) = 2rc + = o

where

dy(t) . dx(t)
de(t) _ go _ [x(t) + A]T y(t) at (29.42)
dt y()? +[x(t) + Al

For large signal-to-noise ratio at the input of the frequency demodulator,

- 1ay(®) (29.43)
A dt '

EEY0)

and the signal at the output of the low-pass filterrng. 2 A ot We can ignore the

first term arising from the carrier frequency, which can be removed by a blocking
capacitor. Thusy(t) must be the noise signal at the input of the differentiator with a
transfer function

271 .
H(f) = =~
(f) A

Proof.

Taking the Fourier transform o*% = idy—(t), we getF[M] =

A dt
25 Y() = HOY() whereH(® = 21 j. QED.

The transfer function of the differentiator in an FM receiver is shown in Figure 29.6.

Figure 29.6 Transfer function of a differentiator in an FM receiver.
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Let Gp(f) be the power spectral density of the narrowband n@igeshown in Figure
29.7 (a).

Figure 29.7 Narrowband noise power spectral density.

The mean noise power entering the differentiator is

[e0]

[ Gn( df
—00
_fc+i i+ fC
2 2 n
= 0 4¢ + [ 10 g
2 2
_Br_; (BT
2 C )
=noBT + noBT
= 2ngBT (29.44)

EIN®2] = N;

Let Gx(f) andGy(f) be the power spectral densities of the quadrature components
x(t) andy(t) of the noisen(t). The noise power spectral density at the output of the
differentiator is given by

G¢  =HMOR Gy(f)
—2maze(f+f)
““Hafg M€
ot

Ha B

no

This is shown in Figure 29.7 (b).

The mean noise at the output of the low-pass filter with a bandwi@tlHafis

B 2
No = [ G,(hdf= 22010 g3
3A
_ 2(2m)"ng o3 (29.45)
> .
3A
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Therefore the output signal-to-noise ratio is

gzgéQnBﬁfgz 3A2 _ 3 2A2: 3 29
No 20 ki O 22m2ngB3  (ke)2 ' T2Ni  (ke)2 TN

(29.46)

As [ increasesthe bandwidth increases and theputSNRincreases For a fixed input
SNR an improvement in outpuBNR s possible with FM systems. Can we keep

improving the outputSNRby simply increasing? If the modulating signal bandwidth
and the carrier power are fixed, more noise must be accepted by the limiter when we

increaseB. Eventually, the noise power becomes comparable with the carrier signal
power. Equation (29.46) does not hold anymore and the noise is found to take over the
system. A so calledhreshold effecioccurs at a certain inp®NR For angle-
modulated systems it is common to call the ifpdiRthe carrier-to-noise ratio (CNR)

Figure 29.8 shows a typical signal-to-noise characteristic for a frequency discriminator.

Figure 29.8 Signal-to-noise characteristic for frequency discriminator.

To avoid the threshold effect, tl&NR > 10 dB andB > 1/3 for outputSNR> CNR
It should be noted that we cannot improve the ougNIRof narrowband FM systems

(B << m2).
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v (t)=A[l+Km(t)]cos2Ttf. t+ n (t)
e (t)=A[1+Km(t)]+x (t)
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Figure 29.1 Idealised amplitude demodulation using an envelope detector.
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Figure 29.2 Phasor diagram for AM signals plus narrowband noise.
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Figure 29.3 Narrowband noise power spectral density.
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Figure 29.4 Asymptotic signal-to-noise characteristic for envelope detector.

v (t)=cos[2mf t+ @(t)]
vi(t)=-][2 nfc+¢4(t2]sm 2mfot+ @(t)
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Figure 29.5 Frequency demodulation using a frequency discriminator.
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Figure 29.6 Transfer function of a differentiator in an FM receiver.
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Figure 29.7 Narrowband noise power spectral density.
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Figure 29.8 Signal-to-noise characteristic for frequency discriminator.
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