Digital Filters on Mac

Digital Filters
Review of Transforms
Definition H(elq) = a¥ h(n) N9
n=-
1 P . .
h(n) = T 0 H(eJ nq) etlq dq
-p
Periodicity H(eld) = H(el (a+2kp))
Linearity azhy(n) + asho(n) <--- DTFT ---> ajH1(el9) + apH (el d)
; «+_ 1P - .
Orthogonality a  hy(n) [ho(N)]” = 5— o H1(e!9) [Ho(elD)]” dg
n=-¥% D -p
¥ 1 p .
&  |hR= = o HyeD2d
G2y M=o S H1(el %)= dq
Shifting h(n- k) <--- DTFT ---> e]ka H(elq)
elnf h(n) <--- DTFT ---> H(el(@ - ))
Convolution hq(n) * ho(n) <--- DTFT ---> Hl(ej Q)Hg(ei q)
hy(Mha(n) <--- DTFT --->Hq(eld) ® Ho(elq)
Symmetry h(-n) = h(n)* <--- DTFT ---> Im[H(el9)] =0

h(-n) = -h(n)* <--- DTFT ---> Re[H(el 9)] =0

For aREAL-VALUED sequence:
H(eld)* = H(e1a)

|H(eld) | =H(eT) |

Arg [H(el )] = -Arg [H(e719)]

For an IMAGINARY -VALUED sequence:
-H(elA)* = H(e )

Table 1l DTFT
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N -1 . -
Definition HK) = & h(n)el2pnk/IN= 3 pn)wnk
n =0 n =0
1 N -1
hn) = & H (k)Wnk
k =0
Periodicity H(k + N) = H(k)
Linearity ajh1(n) + agho(n) <--- DFT: N ---> a1H1(K) + apH2(k)
N -1 . 1 N -1 .
Orthogonality a hy(n) [ho(n)]” = N a  H1k) [Hok)]
n =0 k =0
N C 1 1 N C 1 5
& |Jhne= N2 Hak)i
n =0 k =0
Shifting h(n-m) <--- DFT:N ---> WMK H(k)
h(n) WM <--- DFT: N ---> H(k - m)
Convolution hi1(n) ® hy(n) <--- DFT: N ---> H1(K)Ho(K)
hy(Mho(n) <--- DFT:N ---> Hq(k) ® Ho(K)
Symmetry h(-n) = h(n)* <--- DFT: N ---> Im[H(K)] = 0

h(-n) = -h(n)" <--- DFT: N ---> Re[H (k)] = 0

For aREAL-VALUED sequence:
H(K)" = H(-K)

|[H(k [=[H(K) |

Arg [H(K)] = -Arg [H(-K)]

For an IMAGINARY -VALUED sequence:
-H(K)" = H(-k)

Note h(-m) =h(N -m), n<0andh(-m)=h(N-m), k<0

Table 2 DFT
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Definition H(z) = g h(n)z"n
n=-%¥%
Linearity {h(n)} ={ahq(n) +ahy(n)} <---> H(2)
=aH1(2) +bH2(2)
Shifting {hg(n)} ={h(n-d)} <---> Hy(2= zAdH(2)
Convolution {y(n)} ={h(n)}*{x(n)} <---> Y(2) = X(2H(2
Scaling {an h(n)} <---> H(z/a)
Multiplication {nK h(n)} <> ['deT]k H(2)

Table 3 z-transform

From Table 3, it can be seen that the output y(n) at time n of a linear discrete time-
invariant system is the convolution between the unit-sample response h(n) and the input
x(n) and is given by

§
a

y(n) = h()x(n-1). )
| =-¥

Spectra Relationship between Fourier Transform and DTFT

If H(eld) is the DTFT of the sequence {toh(ntg)} and H({W) is the Fourier
transform of hg(t), it can be shown that

H(eld) = ’ 3.¥ H({W+ jkw() I\NzworW: alto 2
where

wotg=2p 3

q=wtp (4)

W=w 5)

and tg is the sampling period. H(eiQ) is an dliased version of H(jW). If HGW) is
bandlimited to -Wy < W < Wy, no aliasing would occur if wg > 2 Wq, (fg > 2fp).
foisthe Nyquist rate.

Relation between z-transform and DTFT
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If H(eld) is the DTFT of the sequence {h(n)} and H(z) is the z-transform of

{h(n)}, the connection between H(eld) and H(Z) is that the DTFT H(eld) is H(2)
restricted to the unit circle, i.e.,

HEN) =H@L, - | &g (6)
for r=1. At a particular value of q = qqp, this corresponds to the intersecting

point between the unit-circle and the line passing through the origin with an angle of qg
w.r.t. thereal axisin the z-plane.
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Introduction to Digital Filter

Digital filters are important class of linear time-invariant systems. The design of digital
filtersinvolvesthe following stages::

(1) The specification of the desired filter.
(2) The approximation of the specifications.
(3) Theredlisation of thefilter.

When approximating a digital filter to meet a given specification, we should

(1) choosethetype of filter;
(2) determinethefilter coefficients; and
(3) verify thedesign w.r.t. the original specification.

In the previous section, we have seen the input/output relations of alinear discrete ime-
invariant system. In the time-domain, the output y(n) at time n is the convolution
between the unit-sample response h(n) and the input x(n). The equation is given by

Qo4

y(n) = h()x(n-1). )
¥

Thedifference equation is

M Np
yim= & ayn-Hh+ &a b x(n-I). (2
| —_—

=1 f

In the z-transform domain, the system function H(z) is given by

N v
H(z) = | a bzl/[1-a a7 ©)
| =1

f

which can be factorised into the following product-of-sum form::

p N

N ) M
Hz=Az"T O (@-qzl/[1-& @-d D). (4)
| =1 | =

We can redlise adigita filter from any one of these equations. When the filter structureis
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determined from either the difference equation or the system function, the structure is
known asthedirect form 1. This isshownin Fig. 1.

Fig. 1
By consideringH(z) = H1(2)H2(2), where

1

HI@ = — (5)
1+ & a z"!
| =1
and
Np
Ho2= & bzl (6)
= Ny

We can reduce the number of delay elements to the maximum of M or Np + Nf. This
memory-efficient structure isknown asthedirect form 2 (canonic form) and is shown in
Fig. 2.

Fig. 2

Classification of Filters

Based on the filter structure, we can classify the filters into two categories. If the
output isafunction of the past outputs, the filter isreferred to as a feed-back or a recursive
filter. If the output isonly afunction of the input, the function is referred to as a feed-
forward or anon-recursive filter. Alternatively, we can also classify the filters by the
duration of their unit-sample response. If the filter produces a unit-sample response that
has an infinite duration, the filter is referred to as an infinite-impulse response (I1R) filter.
If thefilter produces a unit-sample response that has a finite duration, the filter is referred
to as afinite-impulse response (FIR) filter. The terms IR and recursive are inter-
changeabl e because some form of feedback path is required to achieve an infinite-duration
unit-sample response. Similarly, the terms FIR and nonrecursive are interchangeable
because a finite-duration unit-sample response can be obtained without any feedback
structure.

Examples of Digital Filters

1. Comb Filter
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_»-N
o) =% ™

Hc(2) is the system function of acomb filter. Thefilter structure isshowninFig. 3.
Fig. 3

To obtain the frequency response of the filter, we ssmply substitute z = eld into equation
(7) and plot [H(el9) | or Arg H(el9) againstq. Thus,

. iNg
Hoeld) =28 —
Hoeld) = (2j/N) eINA/25in (Ng/2) (8)

The corresponding magnitude response and the pole/zero pattern are shown in Figures 4
and 5, respectively.

2. Resonator

G

HR(2) = (9)

Lz‘l

HR(2) is the system function of aresonator. Thefilter structure isshownin Fig. 6.

Fig. 6

The resonator generatesapoleat z=1 and azeroat z= 0. Since the pole lies on the
unit circle, the filter isunstable. When this resonator iscascaded with the comb filter, the
zero of the comb filter located at z = 1 cancels the resonator pole, making the entire
system to become stable.

®

iNg
iq

R 1-e
1-e

H(eld) HR(eld) =

N
°r
N

Ho(eld) HR(eld) = e1(N-1)a/2 5in (Ng/2)/ sin (g/2) (10)
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Fig. 7 shows the magnitude response.
Fig. 7

Practical Desired Filter Specifications

In practice, the desired magnitude response | H(ej Q) | is usually specified and the phase
response isleft unspecified. The magnitude response specifications will consist of
passband and stopband regions. Fig. 8 shows the regions for lowpass, highpass,
bandpass and bandstop filters.

Fig. 8

Design of Digital Filters

1. 1IR Filter Design

Infinite-impulse response digital filters are commonly used to replace existing analog
filters. Readers should refer to the appendix section for the design of analog filters. In
this section, we shall discuss threecommonly employed methods for the design of IR
filters.

1.1 Impulse-Invariant Method

IIR digital filters have system functions of the form

N v
Hz= & b zl/[1-8 a 7. (11)
| =N | =1

The impulse-invariant method produces an IR digital filter whose unit-sample response
is equal to the scaled, sampled version of the analog filter impulse response hg(t), i.e.,

toh(nto) = ha(t) k = ntg (12)

where tg isthe sampling period and h(ntg) isthe digital filter unit-sample response
attimet = ntg. tgisincluded in equation (12) to ensure that the digital filter gain

|H(eJ Q)| isindependent of the sampling period. Some people may prefer to design a
digital filter such that h(ntg) = hg(t) | = nto: In this case, the following results

should be adjusted by the scaling factor tq.
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If |H(eld)| is the DTFT of the sequence {tgh(ntg)} and H(jW) is the Fourier
transform of hg(t), it can be shown that

. ¥
Q= a i '
H(ej ) K=y H(JW+ J kWO) I\N: w or W= q/to (13)

for wotp = 2p and q = wtg. Equation (13) indicates that H(eiQ) is an aliased
verson of HGW). If HGW) is bandlimited to -Wip < W< Wy, no aiasing would
occur if wg > 2W, (fo > 2f1y). However, practicd filters are not truely bandlimited
and some degree of aiasing will always occur. Therefore, the impulse-invariant method
should be restricted to narrow-band filters with sharp cut-off at wg/2 (the foldover
frequency point).

The representation of the aliasing that occurs in the impulse-invariant method can be
illustrated by the mapping between pointsin the s-plane and the z-plane. Since

woto = 2p (14)

q = wtg (15)

W=w (16)

z=1€ld (17)

S=s+jW, (18)
then

z=¢%0 (19)

Strips of width W = 2p/tg in the s-plane map into the entire  z-plane as shown in
Fig. 9.

Fig. 9

Different points on the s-plane (e.g., s = jp/tgand s = j3p/tg) may map onto the
same point in thez-plane (z = -1).

Example

Calculate the digital filter system function H(z) corresponding to the analog filter
response of H(s) =2/(s2+3s+2).

H(s) = 28/(s2 + 3s + 2)
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H(s) = 25/[(s + 2)(s + 1)]
H(s)=4(s+2)1-2/(s+ 1)1
ha(t) = LT "1 H(s)

ha(t) = 4e-2t - 2e-1t

h(0to) =hal®) k _ 15

h(ntg) = 46720 _ p1Nto

toh(ntg) = tode 20 - tg2e MO

¥
and HZ= a tgh(ntg)z"
"$° ¥
Hiz= a to4e_2nt02'n - a t02e_1rlto zn
n ;O n :0¥
H@z) = a t04(e'2nt02'1)n - a t02(e_1mO zhn
n =0 n =0
Since an infinite geometricseries a ¢, converges to (1 - o-1lfor|d< 1, thez
n =0
transform H(z) becomes
t 4 t 2
HE) = —2 0

-2 ) -1
1-e Oz'1 1-e Oz'1

Fig. 9.1
Summary
1.  GivenH(s).
2. Findthe partid fraction form of H(s).
3.  Replace H(s) by H(2).
4.  PlotH({jW) VsWand H(eld) Vsw.

1.2 Bilinear Transformation

10
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The bilinear transformation provides a non-linear one-to-one mapping of the point on the

jWaxis in the s-plane to the points on the unit circle in the z-plane. A simple bilinear
transformation is

s=(z-Dl(z+1) (20)
or

z=(1+9)/(1-9). (21)

By setting z = eld = eJWtO in equation (20), the relationship between W in the s-
plane and w in thez-plane is found.

W=tanq/2 (22)
or

q=2tarlw (23)

Equation (21) and (23) are summarised in Figures (10) and (11), respectively.
Fig. 10

Fig. 11

It can be seen that a one-to-one mapping avoids the problem of aliasing. The price paid

for thisis the non-linear compression of frequency axis as shown in Figure 11. Wis
caled afrequency warping. This compression can be compensated by pre-warpingthe

frequencies (usually the passband frequency Wo and the stopband frequency W) of
the analog filter using W' =tan Wg/2. When the bilinear transformation is applied,

|H(ejCI) | will meet the original specifications. Figure 12 shows the frequency
prewarping procedure.

Fig. 12

Given H(jW) (the origina specifications), the resulting digital filter magnitude
response | H(ejQ) | will meet the origina specifications (i.e., wp = Wy and wg = W)

11
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providing we pre-warp H(jW) to H(jW¥) before the bilinear transformation.

Example

Calculate the digital filter system function H(z) corresponding to the analog filter
response of H(s) = 1/(s + W) using bilinear transformation. The sampling period tg
isset at p seconds and W = 0.5 radians/second.

The prewarping frequency W+ = tan Wt/2. Therefore, We* = 1 radian/sec. and

HGWF) = 1/(s + W)
HGW) = 1(s + 1).

Substitute s = (z - 1)/(z + 1) into the above equation. Thus
H(z) = 1+ zDy/2.

Summary

Given H(s = jW) and tq.

Find H(s = JWr) by prewarping frequencies using W* = tan (W/2).
Find H(2) by bilinear transformation.

Plot H(jW) VsWand H(el ) Vsw.

A Wb P

Although the bilinear transformation eliminates the effect of aliasing effect, the
mapping function a'so manifestsitself asa warping of the phase response. Suppose we

have Arg H(s = jW = kjW, the phase of the digital filter can be found by
substituting equation (22) into kjW. Hence, the phase of the digital filter is Arg H(z =

eld) = kj tan (g/2). This isshownin Figure 13.

Fig. 13

From Figure 13, it can be seen that we cannot get alinear phase digita filter by applying
the bilinear transformation to alinear phase analog filter.

Comparsion

Impulse-invariant method Bilinear transformation |

12
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1. z= eStO, s = (loge2)/tp, z=(1+9)/(1-9),s=(z-D/(z+ 1),
W= gltg W=tan (q/2)

2. System stability is maintained. System stability is maintained.

3. No phasedistortion but scaled. Phase distortion (i.e., warping)

4.  Aliasing effect. No aliasing effect.
5. For and filter design. For all types of filter design.
6. |HGW |~|H(E ) HGW) | = [H(el9) |

toh(nto) = ()} _

Thiserror is caused by the aliasing.

7.  Application isrestricted to No restriction.

5 and P filterswith

sharp cut-off to avoid severe
aliasing effect.

Table 1

1.3 Matched z-transformation

The matched z-transformation is similar to the impulse-invariant method. In this case,
the analog filter H(s) istransformed by replacing both poles and zeros by :

ithzero: s+qj—>1-elit0z1

i-thpole: s+pj-->1- ePito,1

Example

H(s) =(s+1)/(s+2)

H@) = (1- 07 1)1 - 207y,

13
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This mapping method can sometimes transform high-frequency zeros to low-frequency
zerosin the digital filter'sresponse. Thus, itis not often used.

Frequency Transformations

Once we have designed the digital lowpass filter, we can employ frequency
transformations to produce with different cut-off frequency values, highpass filters,
bandpass filters, or bandstop filters. These transformations are applied by replacing
each z-1inthe designed lowpassfilter with the entry in Table 2.

— z-1a) L Sin[qpl-qp 2)12]
P (1-3.2_1) - thplﬂp 2)/2]
L ela) o cosla 141 )/2]
P (l-aZ B 1) COS[qp 1'qp 2)/2]
-2 22k _-1,k-1
7 2_mz 1+k—+1 cosg ou 2-|qu 2)/2]
Bandpass - =
k-1 -2 22k -1 cosg -q )/2]
K 712 K +12 +1 pul "pl 2
-2 2 -1,.1-
7-2. 1+m 214 1+m cos[q ou 1 ol 2)/2]
Bandstop - =
Im_-2 2 - cosg -q )/2]
Tom 2 Trm Z +1 pul "pl 2

k = cot [(Qpu2 - apI2)/2] tan Qp1/2)

m =tan [(qpu2 - dpl2)/2] tan [@p2/2)

dpl = origina passband frequency specification

dp2 = transformed passband frequency specification

dpu2 = transformed upper passband frequency specification
dpl2 = transformed lower passband frequency specification

Table 2

Example

Transform the Chebyshev lowpass digital filter H1(z) into a Chebyshev lowpass
digital filter Ho(z) where

14
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4.2910" )14z “ Y14z ~ Y1z - Y
(1- 0.801z “ H[1- (0.819+j 0.373)z Ly][2- (0.819- j 0.373)2" L)

H1(2) =

Op1 = 0.1404p andqpz = 0.2808p.

1. Finda:
i sm[qp 1—qp 2]/2
snp plﬂp 2]/2
a =-0.356

2. Zeotransformations:

‘1 1-[(u+c, )(L+c, )z~
(1-Gzl > 1-¢ = =(1-qga) 1
1-uz 1-uz

A zeroat z = ¢ istherefore transformed intoazeroatz= (a + ¢ )/(1 + ¢ a) and
the corresponding poleat z=0 istransformed into apole a z=a. Thus,

v (@a+q )/(1+q a)

-1 1

and (1+¢ a)=1.356.

3. Pole transformations :

1 [; 1-puz- 1
d
1—di z-1 > ( )] (1+di a {1 [@ +di )/(1+di a)lz ]}

A pole a z = d is therefore transformed into a pole at z = (a + dj)/(1+ dj a) and
the corresponding zero at z= 0 istransformed intoazero a z=a. Thus,

di (@a+d )/(1+d; a)

15



Digital Filters on Mac

0.801 0.622
0.819 +j0.373 0.535 +j0.627
0.819-j0.373 0.535 -j0.627

and(1+d; a)=0.715 fordj =0.801,
(1+dj a)=0.71+0.133j for dj =0.819 +j0.373,
(1+dj a)=0.71-0.133j for dj =0.819-j0.373.

4. FindHo(2) :

A (Lic, a )Lz - H(rz "Bz Y
H2(2) = 5.715(0.819+] 0.373)(0.619-] 0.373B

where

A = 4.29(10-3)
B = (1 + 0.6222°1)(0.535 +j0.627)(0.535 - j0.627).

Thus,

0.029(14z ~ H(14z " Y14z - b
(1+0.622z - 1)(0.535+j 0.627)(0.535- j 0.627)

Ho(2) =

5.  Pole/zero pattern and magnitude response curves :

Fig. 13.1

2. FIR Filter Design

In contrast to IR filters, the finite-impul se response (FIR) filter has afinite duration unit-
sample response. The system function of an FIR filter can be written as

Np
H@) = & blz'l. (24)
f

Several design methods are described here. If the unit-sample response {hp(n)} is
given and has afiniteduration, the FIR filter can be implementeddirectly from the
coefficientsb; where

16
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hp(n) =bj =n (25)
for-Nf<n, I < Np. Thisisshownin Fig. 14.

Fig. 14

If {hp(n)} is given and has an infinite duration, the windowing method is used for
designing FIR filters. If {hp(n)} is not given and the desired magnitude response

|HD(ejQ)| Is given, the DFT/windowing method is used for designing FIR filters.
Alternatively, the frequency sampling method can be used.

2.1 Windowing Method

Our goa hereisto choose an appropriate window to give a FIR digital filter with unit-
sample response {hn(n)} of length N which is close to HD(eJCI), where Hp

(ei Q) isthe discrete-time Fourier transform of the infinite-duration desired unit-sample
response { hp(n)}. Wewill restrict the designto linear phase filters.

The stepsin performing windowing FIR digital filter design are:

Multiply {hp(n)} with an N-point window to obtain { hyj(n)} .
Compute the DTFT of {hy(n)}.

1

2

3. Compare|Hp(el9) | with the desired |[Hp (el9) |.

4. Repeat steps 1-3 with another window if | HN(eJ Q) | is not close enough to
HN(E D).

Several common window sequences are :

the rectangular window,

the triangular (Bartlett) window,

the raised-cosine (Hanning) window,
the Hamming window, and

the Blackman window.

a ks owbdpE

2.1.1 The Rectangular Window

The rectangular window sequence is defined by

w(n)=1for-(N-1)/2<n<(N-1)/2
w(n) = 0 otherwise. (26)

17
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The DTFT of the rectangular window is

_ (N -1)/2 _
W(el ) = & e’gn (27)
n=-(N -1)/2
. . N-1
Weld)=eld(N-1)/2 3  ejgn (28)

n =0
N -1

Since & c=(1-cN)/(1-c), equation (28) can be expressed as
n =0

. . -joN
W(eld) = eid(N - 1)/21-ef
1.e”1d
W(el9) = sin (Ng)/sin (q/2) (29)
Example

Design a FIR filter of length N = 15 that approximates an ideal low-pass filter with q¢ =
p/4. Thedesired responseis

Hp(eld) =1 for-dc<q<qc
=0 for-p <g<-gcandqgc<g<p. (30)

The unit-sample response of the desired low-passfilter is

Y o
hp(n) = 2.% & H(eid) &N dg
-p
hp(n) =sin (gcn)/p n for al n. (31)

{hp(n)} is approximated by {hn(n)} of length N by multiplying hp(n) with the
rectangular window, or

{hN()} = {w(n) hp(n)}

{bN(M)} ={sin(gcn)/p n} for-(N-1)/2<n<(N-1)/2 (32

18
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The corresponding magnitude response and the unit-sample response curves are shown in
Fig. 15.

Fig. 15

The shape of Hy(el9) is obtained by convolving Hp(eld) with W(eld).  From the
above example, severa observations can be made.

1. Themainlobewidthisequa to 2a wherea = 2p/N.
The sidelobe is-13 dB relative to the maximum valueat q = 0.

3. The sharp transition in the desired response H D(ei d) a¢ qc has been converted
into agradual transition.

4. A seriesof overshoots and undershoots occur in the passband.

5. A sariesof leakage occursin the stopband.

In general, the width in the transition region of HN(ei Q) is related to 2a and the width
can be reduced by increasing N. The effect of the sidelobes in W(eiQ) causes

HN(ejCI) to have overshoots and undershoots in the passband, and leakage in the
stopband. These ripples remain amost constant no matter how large the value of N is.

Thisisknown as the Gibbs phenomenon. The sidelobes in W(d Q) represent the high-
frequency components in the window sequence. These components are due to the sharp
trangitionsfrom 0 --> 1 or 1 --> 0 at the edges of the rectangular window sequence. |If we
can replace the rectangular window sequence by a sequence with gradual transitions, the

sidelobelevelsin W(eJQ) can be reduced which, in turn, also reduces the variations

in the passband and the sidelobe levels in the stopband of HN(d d). Some commonly
used windows are given in Table 3 and the effects of using these windows are shown in
Fig. 16.

Window Type w(n) for-(N-1)/2<n<(N-1)/2

Rectangular w(n) =1 for n, =0otherwise

Triangular wn)=1-[2n|/(N-1)]

Raised-Cosine w(n) = 0.5+0.5 cos[2pn/(N - 1)] for n, = O otherwise
(Hanning)

Hamming w(n) = 0.54 + 0.54 cog[2pn/(N - 1)] for n, = 0 otherwise

19
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Blackman w(n) = 042 + 0.5cog2pn/(N - 1)] + 0.08cog4pn/(N -
1)]
for n, = 0 otherwise

WindowType  Firs SddobePock Amp. (68) Malobewidh
Rectangular -13 4p/N
Triangular -25 8p/N
Hanning -31 8p/N
Hamming -41 8p/N
Blackman -57 12p/N

Table 3

Fig. 16

Regarding the choice of a particular window for the filter design, the important
parameter is not the shape W(eiCI) but rather its effect on HN(eiQ). Table 3

shows that there is a tradeoff between the mainlobe width and the first sidelobe level.

Referring to Figure 16, the stopband magnitude response of the windows and the
corresponding final filters are summarised in Tables4 and 5.

Window Stopband properties

(- Attenuation increases as q --> p.

A As above. More attenuation than [
AN Asabove. More attenuation than & .

Attenuation remains almost constant.
Most sidelobes lie between T and & sidelobes.

20
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-\’\/- Attenuation increases asq --> p. More attenuation than N\
Table 4

|HN(eI) | Stopband properties

with 1 See Table 4.

with & See Table4. Smoother attenuation.

with 7\ See Table 4.

with Q See Table 4.

with )\/- See Table4. Thefirst sdelobe peak isat q > p/2.
Table 5

2.2 DFT/Windowing Method

The DFT/windowing method involves two stages. Given a digital filter specification
H (ei Q) | and phase response, our first goal is to obtainthe desired magnitude response

|Hp(eld) | and to find a finite-duration approximation, denoted by {hg(n)}, to the
desired unit-sample response {hp(n)}. Having determined {hg(n)}, our second

goal is to reduce the overshoots and leakage effectsin | Hd(ei Q) | caused by applying
the DFT method in the first place. These effects can be reduced by the windowing
method. The windowing method gives a finite-duration unit-sample response {hn(n)}
which is shorter than {hg(n)} and meets our desired specifications. The design
procedure is shown in Figure 17 and we will consider hg(n) =h p(n) for the Ny
points over which {hg(n)} is defined.

Fig. 17

Toillustrate the DFT/windowing method, let us restrict to the filter whose phase response
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islinear. Anexampleisgiven below.

Example

Design a zero-phase low-pass digital filter whose specification is shown in Figure 18.
Fig. 18

(a) Sketch the desired magnitude response |Hp(eld) |

Since the resulting magnitude response exhibits a reduction in the passband when applying

the windowing method, | Hp (d Q) | should have its 3-dB cut-off point extended into
the transition region. A good guess for thisextension is equa to 30% of the transition
region. This is shown in Figure 19.

Fig. 19

(b) Choose the value Ng, the length of {hg(n)}

The inverse DFT of {Hp(k)} (the sample version of HD(eJQ)) produces a periodic
sequence {hg(n)} where {hg(n)} is the periodic extenson of {hg(n)}. If
{hp(n)} hasaninfinite duration, {hg(n)} will not equal to it. Some degree of time-
aliasing will occur. We should therefore consider large value of Ng such that hg(n) =
hp(n) over which {hg(n)} is defined. The time-aliasing can then be minimised. Ng
= 128 is a good choice and Ng >> N where N is the length of {hy(n)}. For our
example, wesetNg =16 to easethe analysis. Theresultsare shown in Figure 20.

Fig. 20

Form Figure 20, it can be seen that

Hp(k) = Hp (el 9)| (33)

q = 2pk/Ng

for 0 <k <Ng -1 Ingenerd, {Hp(K)} isacomplex-valued discrete Ng-periodic
sequence and it can be expressed as

Hp(K) = HR(K) + jH| (k) (34)

where
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HR(K) = |Hp(K) | cos[Arg Hp(K)] (35)
and
H| (k) = [Hp(K) | sin[Arg Hp(K)]. (36)

For our example, [Arg Hp(k)] = O for all k. Thus Hr(k) = | Hp(k) | = 1 and
Hi(k) = 0. The inverse DFT of {HR(k)} is an Ng-periodic sequence {hOI (n)} and
{h d (n)} is the periodic extension of {hg(n)}. The Ng-point sequence {hg(n)} is
extracted from the inverse DFT sequence{ h d (n)} where

Nd-l

4 Hp(K)
=0

ej 2pnk/Ng

fry ()= Ni (37)

k

forO<n<Ng- 1

(c) Compute Hg(eld), the DTFT of {hq(n)}
The DTFT of {hg(n)} is

Nd/2

H(eld) = a hg(n) el9n (39)
n=(- Nd 12)+1

For our example, the time and frequency responses are shown in Figure 21. In general,

the vaue of Hd(ej Q) at the sampling instants equalsHp(k), i.e.,

Hp(k) = Hg(el9)| (39)

q = 2pk/Ng

Fig. 21

(d) Determine the N-point unit-sample response {hn(n)}

To reduce the overshoots and |leakage effects of Hd(ei d), the windowing method can
be applied to {hg(n)}. {hg(n)} is multiplied by an N-point window to obtain
{hNn(n)} for N << Ng. N =Ng/2isagood choice.

(e) Compute HNd(ejQ)mHNd(k)
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Compute the Ng -point DFT of {hy(n)} to obtain {HNd(k)} or the DTFT of

{hNn(n)} to obtain HNd(ejQ) for 0 < g < 2p. If specification is met, we try to

employ asmaller valueof N. If specification is not met, we try to increase the value of
N.

2.3 Frequency-Sampling Method

Thismethod is similar to the DFT/windowing method. The difference isthat we do not
compute the inverse DFT to determine the unit-sample response {hg(n)} of the FIR
filter. Given a desired magnitude response specification | Hp(K) | of adigital filter,
our goal is to find a system function Hg(z) such that Hp(k) is a sample version of
. The design procedureis shown in Figure 22.

Hd@l, = g 2pkig

Fig. 22

If {hg(n)} is the unit-sample response sequence of an FIR filter, then the Ng-point DFT
is

N, -1

d F

n

(40)

From our discussion of the z-transform, the connection between Hd(ei d) and Hg(2)

is that the DTFT Hd(eJ Q) is the Hy(2) restricted to the unit circle in the z-plane,
where

Nd-l

Hg@= & hgn)z" (41)
n=0

Since The IDTFT of {Hy(K)} is

Nd-l

a Hp(k)
=0

ej2pnk/Nd.

hg(n) = = (42)

d K

forn=0,1, ..., Ng- 1, equation (41) becomes
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Ny -INj -1 _
Hd(z)zNi & & Hp(yd?P™®Nd ,n
d n=0 k=0
Ny -1 Ny -1
Hi@ == & Hply[ & &P MNdzn
d k=0 n =0
-N
M@ = <L Hpo[— L2 1 (43)
d N D i 2k Ny
1-e z
and
Ha(el9) = Hy@, - 4jq (44)
Since
HD(K) = HDE Dl = oping (45)

for 0 < k < Ng - 1, the FIR filter whose magnitude response |Hd(ejQ)|exactIy
matches the desired magnitude response | Hp(K) | at the sampling points.

Example

Design aFIR filter based on an 8-point DFT {Hp(k)} ={ 1,1, 0,0, 0, O, O, 1} using
frequency sampling method.

From equation (43),
7 -8
1 1-z
Hi@=%5 a —4 a7 =
8 k ZO 1—eka /42 -1
1-z° 1 1
Hg(2) = [ + +
d 8 1-z°1 1-2'1(cosp l4+) sinp /4)
L ]
1-z" Ycos D /14+j sin D /14)
1z2-8 1 1 1
Ho(2) = [ + + ]
d 8 1-z71  1.z- 1(]J\/_2+j 1/2)  1-z- 1(1/\/_2-j 11/2)

z-8 1 N 2-/2z-1

_ 1
@)= "5 [1-2'1 1-/2z-L4z-2
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Figures 23 and 24 give the filter implementation and the response curves, respectively.
Fig. 23

Fig. 24

Excessive overshoots and leakage effects can then be reduced by the windowing
method.

Summary

1. Windowing method

1.1 Given{hp(n)} of infinite duration, find { hy(n)} of length N.

1.2 Theimportant parameter isthe effect of W(eld) on [Hp (el 9)].
1.3 Gibbs phenomenon is observed.

1.4 A trade-off between the main-lobe width and the first side-lobe level of W(ei Q).

2. DFT/Windowing method

21 Given | Hp(eld) | and Arg Hp(eld), find {hg(n)} of length Ng and
{hNn(n)} of length N where N << Ng.

2.2 Ng =128isusually agood choice.

2.3 N =Ng/2isalsoagood starting value.

3. Frequency-sampling method

3.1 Given [Hp(k)|, find Hg(2) such that Hp(k) is a sample version of Hd(Z)lZ

_ ej2pk/Nc|.
3.2 Excessive overshoots and leakage effects without the application of the windowing.
3.3 The method redly shines when | Hp (k) | has a specific shape.

Comparison Between IIR and FIR Filters

The choice of whether to use FIR or IIR filters depends on the application and the
hardware complexity. In general, FIR (non-recursive) filters are always stable and they
are ideally suited for use in time-varying applications. They are also suited to multi-
rate DSP problems where data sequences are sampled at different rates. Linear phase
response is easily obtainable with FIR filters. On the other hand, IIR (recursive) filters
have smple design methods. IIR filters can produce much sharper transitions in
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amplitude response with fewer delay elements than FIR filters. So, the choice is not
clear-cut and onemust evaluate several factors before making a decision.
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