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Random Processes

Introduction

To anaysis and design a communication system whose input is a collection of
waveforms, a probabilistic model (similar to the concept of random variables), can be
used to describe the waveforms (functions of time). In thisway, we can predict the output
of asystem responding to arandom process at its inpuit.

Definitions

A random process can be considered to be a signal which varies in a random manner with
time. The behaviour of the signal cannot be predicted with certainty.

The properties of random processes are anaysed mathematically by assuming that the
actual variation of the process with time, over sometimeintervals 0 to T seconds.
The concept of arandom process is based on enlarging the random variable concept to
includetime. Since a random variable X is a function of the possible outcome e of an
experiment, we assign, according to some rules, a time function x(t, e) to every
outcomee. The family of all such functions, denoted X(t, €), is caled a random
process.

The short-form notation x(t) is used to represent a specific waveform of a random
process X(t, €).

Example

Figure 5

From Figure 5, we can see that a real valued time function X(t, €) is assigned to the
outcome e.

x1(t) = X(t, e1)
x2(t) = X(t, e2)
x3(t) = X(t, e3).

We have thus created aset of functions. This set (a collection of functions) is a
random process.

The totality of al functionsiscalled an ensemblewhen t and e are variables.
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A time function, selected from the ensemble, iscalled a sample function. Thus, a specific
outcome ej gives asingle sample function X(t, ;).

At timet = tg, X(tg, €) represents a random variable whose value depends on the
outcomee (i.e., when t isfixed ande isavariable).

Findly, X(tg, €j) represents a number when t and e are fixed at tg and €,
respectively.

For example, X(t, e) isarandom variable (avertical slice through the ensemble at time
t =t, asillustrated in Figure 5) whose possible values are x4 (t), Xo(t) and x3(t).

The statistical properties of X(t, e) describe the statistical properties of the random
process at timet =t. The expected value of X(t, e) is called the ensemble average of
the random process at timet.

The random process can thus be considered as a collection of an infinite number of
random variables { X(t;, e)}, where t; takesonal valuesin therangeOto T.

Summary

1. X(t, e) inshort, X(t) - arandom process (acollection of time functions).

2. X(t, &) inshort, x;(t) - thei-th time function.

3. X(tp, €) inshort, X(tg) or X - arandom variableatt = t,

4. X(to, ) inshort, x - avalue of the random variable X(tq, €).

A random process becomes arandom variable when time t is fixed at some vauetq

Descriptions of a Random Process

1.  Anayticd
X() =dYq, Yo, ...; 1).
Random process X(t) isafunction of random variables.

2. Staistical averages (ensemble averages)
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Random process can be described in terms of the mean my(t) and the auto-
correlation function Ry (t1, to), defined as

my (1) = E[X(1)] (155)
Rxx(tl, t2) = E[X(tl) X(tz)]. (156)
Stationarity

To define stationarity, we must first define distribution and density functions as they
apply to arandom process X(t).

For a particular time tq, the distribution function associated with the random variable
X1 = X(tl) = X(tl, e)is

Fx(Xl; tl) = P{ X(tl) < Xl} (157)
and the density functionis
fx(Xl; tl) = de(Xl; tl) /Xm. (158)

1.  Arandom processiscalled stationary to order one if

fx(Xl; '[1) = fx(Xl; t1+D). (159)
fx(x1; t1) isindependent of t1 and the process mean value E[X(t)] is
my(t) = E[X(t)] = constant. (160)

2. A random processis called stationary to order two if

fx(Xl, X911, t2) = fx(Xl, X9 ; 11+D, t2+D). (161)

Equation (161) is, in fact, a function of time differences t, - t1 and not an
absolute time.

The auto-corrélation Ry x(t1, to) is

RXX(tl’ t2) = E[X(tl)X(tz)]. (162)
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A consequence of (161) is that Ryx(t1, to) isafunction only of time differences
and not an absolute time; i.e., if

t=ty-tq (163)
then (162) becomes

Ryx(ty, t1+t) = E[X(t)X(t1+1)]

Ryx(t, t1+t) = Ryx(t). (164)
The process mean value E[X(t)] is

my(t) = E[X(t)] = constant. (165)

Cases 1 and 2 are called wide-sense stationary process.

In general, second-order wide-sense stationary process satisfies :
E[X(t)] = constant (166)
Ryx(t) = E[X(t)X(t+t)]. (167)

A random processis called stationary to order N if

fx(Xl, vy XN tl’ ey tN) = fX(Xl’ e XN t1+D, ey tN+D)
(168)
for al tq, .., tyy ad D. Stationarity to all orders N = 1, 2, .., iscaled

Strict-sense stationary process.

Time Averages and Ergodicity

Thetime average of aquantity is defined as

T
<>= lim == 0 <.>dt. (169)
TeY I
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It is now possible to define the auto-correlation function using time averaging; i.e.,

T
: 1 .

<R t)y>= lim —=— o X(t)X(t+t)dt. 170

xx(t) T®¥2T-T (DX(t+t) (170)

Similarly, the time-averaged mean is

T

- 1
t)y>= | — X(t)dt. 171
<my(t)> . (|R)m¥ 5 -'|c') (t) (171)

It can be seen that the values of <my(t)> and <Ryx(t)> depend on which member
of the time functions is used in the time averaging process. <my(t)> and <Ryx(t)>are
themselves random variables. In contrast,  my(t) is a constant and Ryx(t) is a
function of t in the ensemble averaging approach (equations (166) and (167)).

In general, time averages are not equa to the ensemble averages (statistical
averages).

A random process is said to be ergodic if the time averages equal the ensemble
averages, i.e.,

E[<mk (t)>] = <my(t)> = E[X(t)] = constant (172)
and
E[ <Rxx(t)>] = <Rxx(t)> = Rxx(t). (A73)

Ergodicity isavery restrictive form of stationarity. Anergodic process must be stationary
but a stationary process need not be ergodic.

If X(t) is a least wide-sense stationary, Ryy(t) = E[X(t)X(t+t)] is true for
wide-sense stationary processes.

For such stationary processes the auto-correlation function exhibits the following
properties :

1 Rxx(O) > |Rxx(t)|. (174)

2. Rxx(t) = Rxx(-t). (275)
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3. Ryx(0) = E[X3(1)] (176
Ryx(0) = E Gy x(f)df. (177)

where Gy (f) isthe power spectral density of X(t). The first property shows that
Ryx(t) is upper bounded by its value at t = 0.  The second property shows that

Ryx(t) isreal and even. The third property shows that Ry x(0) is equal to the mean-
squared value called the power in the process.

Further properties may also be stated :

1. IfE[X(t)] ] + 0and X(t) has no periodic components then

lim Ryx(t) = (E[X()])2
It |- >¥

2. If X(t) hasa periodic component, then Ry x(t) will have a periodic component
with the same period.

3. If X(t) isergodic, zero-mean, and has no periodic component, then

lim Ryy(t) =0.
It |- >¥ XX

We shall consider only stationary random processes which are ergodic and real.

Mean my (t) = E[X(1)]
Auto-correlation Ryx (t) = E[X(t)X(t+t)]
Cross-correlation Rycy(t) = E[X(t) Y(t+1)]

Auto-covariance

The concept of the covariance of two random variables can be extended to random
processes. The auto-covariance function is defined by

Cxx(t, t+t) = E[{ X(t) - E[X(t)]} { X(t+t) - E[X(t+t)]}] (178)

Cxx(t, t+t) = E{X(t)X(t+t) - X(t)E[X(t+t)] -
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X(t+t)E[X(t)] + E[X(O]E[X(t+)]}
Cyx(t, t+t) = E[X(OX(t+)] - E[X(1)] E[X(t+1)]
Cyx(t, t+t) = Ryy(t, t+t) - E[X(t)] E[X(t+)].
For processes that areat least wide-sense stationary, equation (178) becomes
Cyx(t) = Ryx(t) - my(t)2. (179)
The variance of arandom processis given in general by (178) witht = 0.
Cyx(0) = 52 = Ryx(0) - my(t)2. (180)
If Cxx(t) =0, then, from (179),
Ryx(t) = m(t)? (181)
Ryx(t) = EIX(®)] E[X(t+)].
N.B. :- E[X(t)] = E[X(t+t)] for stationarity.

Two random variables, given by the random process X(t) at the timest and t+t
respectively, are uncorrelated when

Ryx(t) = m(t)2 or Cxx(t) = 0.
If Ry x(t) =0, the random variables are orthogonal.

Cross-covariance

The cross-covariance function for two processes X(t) and Y(t) is defined by
Cyy(t, t+t) = E[{ X(t)-E[X(t)]} { Y(t+t)-E[Y(t+t)]}]
Cyy(t, t+t) = Ryy(t, t+t) - E[X(t)] E[Y(t+t)].

Two random processes X(t) and Y(t) are uncorrelated when

Ryy(t) = E[X(1)] E[Y(t+1)]
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Cxy(t) =0.
If Ryy(t) = 0, the random processes are orthogonal.

Gaussian Random Processes

The greatest theoretical and practical importance is the Gaussian random process.
Consider a continuous random process and define N random variables X1 = X(t4),

e Xj = X(t), ., XN = X(ty) corresponding to N time instants tq, ..., tj,
tN-

If, for any N andtimestq, ..., tN, these random variables are jointly Gaussian, the
processis called Gaussian and

exp{ - S0x- My (0]'TC ] Tx - my ()}

f (X -0 XN 10 -0 EN) =

(183)
where matrix
&1-my 6) o
u
) _ &My € g
[X - my(t)] "6 G (184)
§<N - Mty ¥
and
gCll C12 Ya ClN H
~C Va C
e 21 22 2N U
[CX] - @ : lg (185)
8Cn1 Cn2 ¥ Cnn B

[.] U denotes the transpose of amatrix,
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[.] -1 denotes the inverse of amatrix,
[[.]| denotes the determinant of a matrix.

[Cx] is called the covariance matrix of the N random variables, where

Gij = ELOX(G)-EDX)I {X)-EIXETH
Gij = EL{X(t)-EIXENT {X(t)-mc()]}]

C” = Cyx(tj, tj) (186)
In fact,
= T
LIS ar
T

From (183) and (186), a Gaussian random process is COMPLETELY defined by its
mean and auto-correlation function. We state without proof some of the properties
exhibited by N jointly Gaussian random variables X1, ..., Xy

1.  If the mean and the auto-correlation function are stationary, then the joint densities of
all ordersare functions only of time differences and so are also stationary.

2. If a Gaussian random process is stationary in the wide sense, it is also strictly
stationary.

The most important Gaussian random process in the engineering field is the first- and
second- order stationary Gaussian random processes.

1. For asingle Gaussian random process X(t)

]. (188)

1
fx(X)= —F——exp[———5 —
[one 2 252
N X

2. For azero-mean Gaussian random process X(t)

2
—Xz ]. (189)

1
fx(x) = —2 5 exp [ e
\/ PS X X



Since Ry x(t) = E[X(t) X(t+t)]

Ryx(0) = E[X(1)4]

-2
Rxx(O) =S N

Therefore,

1

fy(X) = exp (55
\/ ZpRXX(O) 2R

2
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X“_y
xx©

(190)

3. For a second-order Gaussian random process X(t) of N = 2 random variables

Xl and X2,

fX1’X2(X1’ Xo;tq, to) =

exp {'—l
2(1- r?
2
2
S
X5
where

my(tq) = E[X4]

my(to) = E[X5]

1

1

10

2

- r2
2stsX \/1 r

2r(x1- mx(tl))(xz- mX(tZ))

S, S
xlx

2

+

(191)

(192)

(193)
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s% = E{[Xy - mc(tp)? (194)
1
s% = E{[Xp- mk(t)?) (195)
2
E {[X, - -
_ElX rrksilns[iz m ¢l o6
12

4.  For a second-order zero-mean Gaussian random process X(t) of N = 2 random
variablesxl and X2,

X X1 X2ty 1) =

2 2
1 oot 1 x1 _ 2r X1X2 . x2 I
2 2(1- r2 2 Sy S 2 '
2psxsx\/1 r (1-r19 SX, Xy X, 5%,
1 72
(297)

Spectral Representation of Random Processes

So far we have characterised processes by means of auto-correlation, cross-correlation,
and covariance functions which involved the time-domain. It is, in fact, possible to
describe random processes in the frequency domain.

Recall the Fourier Transform pair for adeterministic signa x(t), where
¥ .
X(w) = §2 x(t) eTWE dit (198)
and
1 ¥ iwt
Xt)= 55 0 X(w) e/ Wl dw. (199)
P -y

In attempting to apply (198) to a random process, we have encountered problems.
X(w) may not exist for most sample functions (random in nature) of the process.

Thus, a spectral description of arandom process utilising an amplitude density spectrum
(Fourier Transform) isnot feasible because such a spectrum may not exist. If we turn
our attention to the description of the power in the random process as a function of

11
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frequency, it results that such afunction does exist.

Power Density Spectrum (Power Spectral Density)

Let xg(t) be aportion of asample function x(t) of arandom process X(t) such that

t_{ X(t) -T<t<T 200
x7(t) = 0 eslewhere. (200)
For finiteT,

T

0 [xy(t) |dt<¥ (201)

The Fourier transform of x(t) is

T _ T .
XTw)= 0 xq(t)eIWtdt= 0 x(t)edWldt. (202)

The average power in x(t) over theinterva (-T, T)is

2
T X (w)
1 L9 _1 ¥ ‘T ‘
P(M = o7 c% X4(t) dt = 2 §2 o dw. (203)
PARSEVAL'S THEOREM

From (203), |X-|-(W)|2/2T is a power density spectrum. However, (203) does not
represent the power in an entire sample function. T must be extended to infinity. (203)
only represents the power in one sample function and does not represent the random
process. P(T) isactually a random variable with respect to the random process. By
taking the expected value in (203), we can obtain an average power Pyy for the random
process.

2
P lim - -CI:)E[XZ(t)]dt L% ElXq ()] dw

= m —— =~ 0 m ——F— .
X 1oy 2T 1 20 .y TRY 27

(204)

12
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T
From (169), Pyx = lim % 0 E[X2(t)]dt represents the time average of
T® ¥ -T

E[Xz(t)]. For a wide-sense stationary random process, E[Xz(t)] IS a constant
and Pyy = E[Xz(t)], a constant. If we define the power spectra density for the
random process X(t) by

2
Gyy(W) = _lim M (205)
U rey T
Then
y
PYX = g 0 Gyx() dw. (206)

The power spectra density has the following properties :

1 Gyx(w)>0. (207)
2. Gyx(-w) = Gyx(w) for real X(t). (208)
3. Gyx(w)isred. (209)
_ 1 %
4. Pxx— 20 -g Gxx(W) dw. (210)
¥ .
5. Gyx(w)= § Ryx(t) €Wt d. (211)
6. Ryy(t)= — e (w) el Wt dw (212)
- Rx= %5 Oxx :

The power spectral density Gyy(w) of a stationary random process X(t) is the
Fourier transform of the auto-correlation function of X(t).

Passage of a Random Process through a Linear Time-Invariant Filter

Figure 6

Suppose that an ergodic random process X(t) with a power spectral  density Gy x(f)

is fed through alinear time-invariant filter whose transfer function is H(f) and whose
impulse-response is h(t). Let the output signal from the filter be Y(t) with a power

13
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spectral density Gyy(f). The auto-correlation function is
Ryy(t) = E[Y(t)Y(t+t)] (213)

and Y(t) isthe convolutional of X(t) and h(t)

¥
Y(t) = _(;)é X(t-ep)h(eq)deq (214)
Also,
¥
Y(t+t) = 0 X(t+t-ep)h(ep)dey (215)
-¥

Substitute equations (214) and (215) into egn. (213), we get

¥ ¥
Ryy(t) = E[ _?g X(t-ep)h(eq)deg -?g X(t+t-ex)h(ey)dey] (216)

Since the averaging is linear, we can interchange the averaging and integration operations.
Therefore,

¥ ¥
Ryy(t) = ())é @ E[X(t-ep)X(t-ep)]h(er)h(ey) dejdey (217)
Furthermore,

Ry x(t) = E[X(t)X(t+t)]

Ry x(t) = E[X(t-e)X(t+t-e9)]

Rxx(e1-€) = E[X(t-ep)X(t-e1)]

Rxx[e1-(ex-t)] = E{ X(t-ep) X[t-(ex-1)]}

Rxx[e1-(ex-t)] = E[X(t-ep)X(t+t-e))] (218)

Substitute egn. (218) into egn. (217),

14
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¥ ¥
Ryy(t) = 90 Rxx[e1-(ex-t)Ih(ey)h(ep) dejdey

¥ ¥
Ryy(t) = (;)é ?é Rxx (t+eq-ep)h(ey)h(ep)de; dey
¥ ¥ ¥ .
Gyy(f) = ?é E’é EZ Ryx(t+ey-ex)h(eph(ey) e12P Tt de;deydt
D (219)
Lete=t + e - ey, wehave de=dt
Gyy(f) =
¥ ; ¥ K ¥ F
?éh(el)ejzpfeldel ?éh(ez)ejzpfezdez ?éRXX(e)ejzpfede
Gyv(f) = H*(f) H(f) Gy x(f) (220)
Gyy(f) = H(H)? Gyx(f) (221)

If X(t) isazero mean Gaussian random process, it can be shown that Y(t) is also a
zero mean Gaussian random process, regardless of the transfer function of the filter. If
X(t) isawhite (mean = 0) Gaussian noise, it will have a two-sided noise power spectral
density of Gy (f) = Ng/2.

White Gaussian noise is a zero-mean Gaussian random process with a uniform power
density spectrum over al frequencies. For coloured Gaussian noise, the power spectral
density isnot flat over the entired bandwidth. Suppose theinput to thefilter is coloured
Gaussian noise, such that its two-sided power spectral density is Go(f), this coloured
noise can be first be filtered through a noise-whitening filter whose transfer function is

\ / (N 0/2)(G OC( f) andtheoveral response of the model can be analysed under white

noise disturbance. Whitening filter is used because we are often encountered practical
systems with additive white Gaussian noise (AWGN).

Further Analysis of White Noise

White Gaussian noise has a uniform power spectral density distributed over avery wide

range of frequencies up to about 1013 Hz. The two-sided power spectral density
Gyx(f) is equal to Ng/2. Hence, we obtain for the auto-correlation function from

Gy x(f), where

15
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¥ -
Rxx()= 0 Gxx(® J2PT (222)
¥ -
Rx(t) =No/2 0 2P g

Ryx(t) = (Ng/2) d(t).

Since Ryx(t) has a vaue at t = 0 only, there is no correlation between any two

samples of white noise separated by an interval t > 0. For uncorrelated Gaussian
noise samples, they are therefore statistically independent.

Figure 7(a)
Figure 7(b)

The average power which is given by
¥
Rxx(t = 0) = 2 Gxx(f) df

Rxx(t = O) =¥

Coloured Noise

Most communication systems are band-limited, a bandlimited white Gaussian noise is
called acoloured noise.

Consider the case where a white noise is passed through an ideal low-pass filter with a
bandwidth +/- B Hz and atransfer function [H(f)| = 1. Thefilter output is

Gyy(f) = H(AP Gxx (M. (223)

The auto-correlation function Ryw(t) of the filtered white noiseis

Ryy(t) = E Gy 2P

B .
Ryy(®) = 0 Gyy(f) 2P df
- B

16
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B .
Ryy(t) =Ng2 & 2P g
- B

B sin(2pBt)
RYY(t) = NoB —ZD Bt (224)
Figure 8(a)
Figure 8(b)

The average power of the filtered noiseis

B
Ryy(t =0)= 0 Gyy(f) of
-B

RYY(t = 0) = NoB watts.

Since the shape of Ryy(t) isasinc function, afiltered white noise produces correlated,
with periodicity, bandlimited white noise.
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