Random Variables on Mac

Random Variables

Random variable (discrete or continuous) is used to derive the output statistical properties
of asystem whose input is arandom variable or random in nature.

Definition

Consider an experiment whose outcomes are elements of the Universal set S To every
outcome e (elementary event), we assign a real number X(e) to the outcome e, so that
corresponding to each element of S there is a real number. The probability of an
elementary event occurring is not changed by the mapping from e to X(e), so that

P(x) = P[X(e)] = P(e). 1)

The rule of assignment (outcome e maps to a real number X(e)) is caled a random
variable. The mapping from the outcomes to the points on areal line is quite arbitrary and
any required correspondence may be chosen. The reason for this mapping is that real
numbers are much more easier to analysis.

The value of X(e) is called the value of the random variable. We will use the notation X
to denote the random variable and x = X(e) to denote a particular value of the random
variable X. When x = X(e) may have a discrete set of values, X is a discrete random
variable. When x = X(e) may have a continuous set of values over an interval, then X
issaid to be a continuousrandom variable. Theinterval may befinite or infinite.

Distribution and Density Function

The Cumulative Distribution Function (CDF) of the random variable X is denoted by
Fx(x) such that

P(X<x) =Fx(x). )

P(X < x) denotes the probability of the random variable X whose value is less or equal
to x after the rule of assignment. When x = a, a is a fixed nhumber, we can simply
substitute a into equation (2).

The important properties of Fx(x) are asfollows:

1. Fx(x) isnon-decreasing, so that

Fx(x+h) >Fx(x) ©)
forh> 0.

2. Fx(x)isaright continuous, so that

hlé@m OFX(X+ h) >Fx(x) (4)
h>0
3. lim Fx(x)=0 (5)
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: li =1, 6
4 X|®m¥ Fx(x)=1 (6)

assuming that the random varaible X can have only finite vaules. X can be discrete
or continuous.

It will be assumed throughout the following discussion that X takes on only finite values,
and the following notation will be used :

Equation (4) becomes
lim Fy(x+h) >Fx(x) (7)
h® 0 X X
h>0
or becomes
lim Fy(x-h) >Fx(x). (8)
h® 0 X X
h>0
Equation (5) becomes

li = = -¥)= -¥).
am, Fx(X) = Fx(x= -¥) =Fx(-¥) (9)

Equation (6) becomes

li = = =
X|®m¥ Fx(X) = Fx(x= +¥)=Fx(+¥) (20)

The followings are some important relationships :

1. O0<Fx(@<1 (11)
2. Fx(b)-Fx(@=P(a<x<h) (12)
3. Fx(a)-Fx(@h)=Px=a) (13)
4. Fx(@)=P(x<a) (14)
5. Fx(a)=P(x<a) (15)

Fx(a) = P(X =x, where x < a).

A discrete random variable X can take on only the discrete values xj, for i = 1, 2, ...,

n. Its cumulative distribution function (CDF) remains constant between two adjacent
values of x (i.e., between X; and Xj+1) and increases suddenly at each X;.

Figure 1

For a discrete random variable X whose possible valuesare xj fori = 1, 2, ..., n.
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P(X =) >0 (16)
n
& P(X=x)=1 (17)
i =1
P(X <x{) = 4 &  P(X=x) (18)

xi £X
P(X <xj) =Fx(X)
P(X =xj) = Fx(xi) - Fx(Xi")- (19)

A continuousrandom variable X can take on any value over one or more intervals, and its
cumulative distribution function (CDF) Fx(x) is continuous in nature.

Figure 2
For a continuous random variable,
P(X =xj) = 0. (20)
Furthermore, there are now an infinite number of possible values of the random varaible

X. Thus, instead of considering the probability of random variable having a discrete
value, we must consider the probability of it having one of arange of values.

Let fx(xj)dx be the probability that the continuous random variable lies in the range of
values fromx; - dx to xj, such that

P(Xj - dx < x < Xj) = fx(xj)dx (21)

Xj may here have any one of an infinite set of values. fx(xj) is called the probability
density function of the random variable X.

The probability that the continuous random variablesliesin one of the n separate ranges
X1- dx to X1, Xp- dX to X2, ..., Xn- dX toXp, is

fx(xpdx + fx(xo)dx + ..+ fx(xpdx = [fx(x)) + fx(xgp) + ..+
fx (xp)]dx. (22)

Thisisdueto the fact that in any experiment, the random variable can have only one value.
Thus, the value cannot lie in the range xj- dx to xp if it lies in the range xj- dx to X;,

wherei 1 j. Thus, the n events are mutually exclusive and the probability of any one of
then events occurring is the sum of their individual probabilities.

[t can now be seen that

b
Pla<x<b)= o fx(x)dx. (23)
a
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But from equation (12),
P(a<x<b)=Fx(b) - Fx(a) (24)

where Fx(x) is the cumulative distribution function of the continuous random variable
X.

Thus

b
Fx(b) - Fx(a@) = o fx(x) dx. (25)
a

From Figure 2, it can be deduced that
Fx(-¥)=0.
Therefore,

P(-¥ <x<b)=Fx(b) - Fx(-¥)
P(-¥ <x<b)=Fx(b) (26)
b
P(-¥ <x<b)= 0o fx(x) dx.
-¥
Similarly,
a
Fx(a) = ?é fx(x) dx. (27)
Differentiating F (&) with respect to a, we obtain

fx(a) = dF x(a) / da

so that

fx(x) = dF x(x) / dx (28)
and

X

Fx(x) = _?é fx(x) dx. (29)
From equation (21)

P(a- dx < x < a) =fx(a)dx (30)
so that

fx(@ =P(a-dx<x<a)/dx. (31)

Hencefx(a) is the probability density of the random variable X at the value a.

4



Random Variables on Mac

In summary, a function fx(x) is a continuous density function if it has the following
properties :

1. fx(X)>0, -¥<x<¥ (32
¥
2. 0 fx(x)dx=1 (33)
-¥
a
3. P(x<a=Fx(@= o fx(x)dx. (34
-¥
4. fx(x) = dFx(x)/dx (35)

Transformation of Random Variables

Let Y = h(X). The continuous random variable Y is a function of the continuous
random variables X. We solve the equation y = h(x) for x in terms of y, where x is
thevaue of X andy isthe vaue of the random variable .

A function h(x) is monotonically increasing if h(x = x2) > h(x = x1) when X2
>X1. A function h(x) is monotonically decreasing if h(x = x2) < h(x = x1) when
X2 >X1.

For monotonic functions, there is a one-to-one correspondence between h(x) and x,
which means that for each value of the random variable X there is a unique value of
h(x).

1. Consider the case where Y = h(x) is monotonically increasing and differentiable.
Let the random variable X has a density function fx(x) and CDF of Fx(x),

while the random variable Y has a density function fy(y) and CDF of Fy(y).

Let b = h(@. Since Y = h(x) is monotonicaly increasing, one-to-one
mapping, therefore there is no changein probability.
Then

P(Y<b)=P(X<a) (36)
or

Fy(b) = Fx(a) 37)
Also,

dFy(b) / db = dFx(a) / db (38)
or

dFy(b) / db = dF x(a) / da (da /db). (39)
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Therefore,
fy(b) = fx(a) (da /db) (40)
fy(y) = fx(x) (dx /dy) (41)

Consider the case where Y = h(X) is monotonically decreasing and differentiable.

If  b=h(a) (42)
then P(Y<b)=P(X > a) (43)
and Fy(b) = 1 - Fx(a). (44)
Thus dFy(b) / db = - Fx(a) / da (da / db) (45)
or fy(b) = - fx(a) (da/ db) (46)
Replacinga by x and b by y

fy(y) = - fx(x) (dx / dy) (47)

However the derivative dx / dy is negative for monontically decreasing and
differentiable random variable. But in equation (41), dx / dy is always positive for
monotically increasing and differentiable random variable. Thus equations (41) and
(47) may be combined to give the follwoing genera equation for monotonic
functions:

fy(y) = fx(x) ldx / dy| (48)
whereY = h(X) is a one-to-one continuoudly differentiable function of X.

Consider the case where Y = h(X) is not a monotone, the value x of the random
variable X hasthevaluesay, ay, ..., ap, al of which arereal. Thus

b=h(ag) = h(@) = ... = h(a). (49)

Several values of X may correspond to asingle value of Y, then

P(Y < b) = P(dl valuesof X for whichY < b) (50)
and
Fy(b) = 0 fx(x) dx (51
{X /(v £0)}

wherefy(x) isintegrated over al values of X for which'Y < b.

Fy(b) may be expressed as sum of n definite integrals of fx(x), the i-th of
whichis
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a k.
| [

0 fx(x) dx or o fx(x) dx (52)

a.

kI i

wherekj isaconstant such that dkj / db = 0. Thisis shown in Figure 3.

Figure 3
Suppose k1 = +¥, then
4
0 fx(x)dx=Fx(ay) (53)
k,=-¥
1
and
dFx(aq) /db=fx(aq) (a1 / db) (54

When dF x(a1) isdifferentiated to givefx(ap) at thevauex = aj.

Since
Ky Ky a
ofx(X)dx= 0o fx(x)dx - 0o fx(x) dx
a -¥ -¥
2
k 2
0 fx(x) dx = Fx(k9) - Fx(a2). (55)
a
2
Therefore,
dFx(ko) /db-dFx(ap) /db =0 - dFx(ap) /db (56)
where
dFx(ap) / db = fx(ap) (dao / db). (57)

Sinceday / db is negative (see Figure 3), it follows that
fy(b) =fx(ay) |[dag / db| + ... + fx(ap) [dapn / db. (58)
In generd,, for agiven valuey of Y, X hasthe valuesxq, X2, ..., Xp, SO that

y =h(xp) = h(xp) = ... = h(xp) (59)

then
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fy(y) = fx(xa) ldxq / dy| + ... + fx(xn) [dxn / dy]. (60)

Example 1

Consider the transformation Y = cX + d. We write the value of Y as y and the value of
X asXx. Thereofrey = cx + d.

Thusx=(y-d)/c
and dx/dy=1/c.
From equation (48),

fy(y) = fx(x) lox / dy|
fy(y) =fx[ (y-d)/c] [1/c]. Q.E.D.

Example 2
Find fy(y) where Y = X2.

Summary

1.  Transformation of random variable is useful in finding the characteristics of the output
signal in acommunication system where the input signal is random in nature.

n
2. fY0)= 8 x(x) i /ol
| =

3.  The technique can be extended to two random variables X and Y (continuous)
whose joint probability density function is fx y(x, y) and Z = X, Y), W =

h(X, V).

n
fzwz w)=a fx v(x, i) bl

where the Jacobian
‘ITXi Nz ‘ITXi W
W=y me vy,

Expectation

P(X = xj) and fx(x) give a total description of a discrete and continuous random

varaibles, respectively. Alternatively, it issmpler to describe arandom variable in terms of
its statistical average (expectation) and moment.

Consider the discrete random variable X whose possible values are {xj}. The expected
value of X is defined to be
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E[X]= & h(X=xj) P(X=x) (61)
|

mx = h(xj) P(xj) (62)
as the simplified notation.

Consider now the continuousrandom variable X. The expected value of X is defined to
be

E[X] = f) X fx(x) dx. (63)
-¥

If h(X) is a function of the continuous random variable X, then the expected value of
h(X) is defined to be

E[h(X)] = f‘) h(X = x) fx(x) dx. (64)
-¥
i.e,
¥
my = ?.4 h(X) fx(x) dx. (65)

asthe smplified notation.

The expected value of arandom variable has some obvious properties:

1. E[h1(X) + ha(X)] = E[h1(X) | + E[h2(X)] (66)
2. E[kh(X)]=kE[h(X)] (67)
3. E[K] =k (68)
4. E[hX)]>0 (69)

if h(X = x) for al x in the continuous random variable case or h(X = xj) for all
{Xj} inthe discrete random variable case.

Moments

In the case of a discrete random variable X, the k-th moment about the mean is defined to
be

hk = E[(X - m)K] = ? (xj - MK P(X =xj). (70)

The second moment about the mean is called the variance sx2, and its square root sx is
known as the standard deviation.
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sx2=E[(X - m)Z] (71)
Example 1

hy = E[X - mx] = E[X] - E[nK]

hy =E[X]-mx

hy =mx - mx

h1=0 (72)

i.e., the first moment about the mean my is zero.
Example 2
sx2 = E[(X - mx)?]
sx2 = E[X 2- 2Xmy + mx?]
sx2 = E[X 2] - 2mx E[X] + mx?
Sx2= E[X 2] - 2my 2+ mx?
sx2=E[X 2] -y 2.
Therefore,
E[X 2 =sx2+ny 2. (73)
i.e., the second moment about the zero (the origin) is equal to the variance plus the square

of themean my 2. E[X 2] is called the mean square value.

E[X 2] - mean square value
mx 2 - square of the mean
sx2 - variance

S - Standard deviation

In the case of a continuous random variable X, the k-th moment about the mean is defined
to be

¥
hk = E[(X - mx)K] = ?é(X-rrx)kfx(X) dx. (74)
The second moment about the mean is
sx2=E[(X-nx)2] = o (x - mx)2 fx(x) dx. (75)

Equations (72) and (73) also hold for the continuous random variable case. In general, the
followings are two inportant properties of moments.

1. Thefirst moment about the mean is zero.

10
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hy =E[X-nx]
hq =E[X] - E[nk]
hy =mx - mx
h1=0.

2. The second moment about the origin is equal to the variance plus the square of the
mean.

sx2=E[(X- )
sx2=E[X?]-mx 2.
E[X 2] =sx2+ my 2.

Example 3
Given Y = a X + b where X, Y are continuous random variables and a, b are
constants; find my andsy 2intermsof a, b, my andsx 2.
E[Y] = E[aX +b]
my = E[aX] + E[b]
my =aE[X] + E[b]
my=amx +b
sy 2=E[(Y-my)?]
sy2=E[(aX +b-amy - b)?]
sy2=E[a&( X - )4
sy2=aZE[(X-mK )4
sy2=a?sy 2.

Tchebycheff’s Inequality

Consider a continuous random variable X with mean my and variance sx 2. Define a
random variable Y by

1. 0 for X - m |<IsX
Y=i 2 2 (76)
f' Sy for |X-rnx|3lsx
foranyrea | > 0.

The expected valueof Y is

11
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¥
E[Y] = % y fy(y) dy (77)
x-m>< y
E[YI[=2 o yfv(y)ay+2 o yfylydy
0 X - my
E[YI=  OP(Y =0) ’+I25)2<P(Y= 25>2<)

POC-me Koy ) p(x -my Pisy )
E[Y] =1 2552 P(IX - my| > | sy). (78)
When thevaluey of the random variable Y takes on| 2s XZ
Y=I 25X2
thus

X-my|>1sy

(X-m)?>1 2sx?
(X-mg)2> Y.

Thus

E[(X - )] > E[Y]

sx? > E[Y].
Use equation (78),

sy2>1 2532 P(IX -my|>1sy). (79)
Therefore,

U 2>P(X-my|>1sy). (80)

LetK =1 sy, then equation (80) becomes

Sy 2IK2 > P(IX - my| > K) (81)

which isthe Tchebycheff’s Inequality. It isaso valid for adiscrete random variable.

Thisinequality can be used to obtain bounds on th eprobability of finding X outside an

12
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interval my +/- K.

Weak Law of Large Numbers

Let X1, X2, ..., Xp be statistically independent sample values of the continuous random
variable X, which has amean value my and avariancesxz.
Lety be the mean of these n sample values, so that
n n
y=(@n) a xj = a x/n. (82)
i =1 i =1

Because X is a continuous random variable, {xj} are not the possible values of a discrete
random variable.

Each xj / n has a mean value my / n and a variance (Sy / n)2. {xj / n} are
dtatistically independent random variables.

my=E[Y]=n[mx/n] (83)
i.e., sum of the means of {xj / n}.

sy2=n(sx/n)? (84)
i.e., sum of the variances of {xj / n}.

From equations (83) and (84), the larger the value of n, the smaller is 3y2 and closer is

thevaluey of Y likely to beto n. This can also be shown by Tchebycheff’s Inequality
asfollows.

U 2>P()Y-my|>1sy). (85)
Lete=1sy

sothatl 2=€2/sy2=ne2/sy?2.
Equation (85) becomes
sx2/(ne?) = P(IY - my| > ©).
From equation (83), my = mx
sx2/ (ne?) = P(IY - my| > ©). (86)

For afixed value of e (positive quality), the probability that the mean value of y differs
from my by an amount greater than e is inversely proportional to n. 'y becomes a

13
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better estimate of my as nincreases. hence the discrepancy betweeny and my reduces.

Charecteristic Functions

The characteristic function of arandom variable X is defined to be
f (W) = E[elWX], j2=-1. (87)

For a discrete random variable X,

fxw)=a "X p(x = xj) 88)
|
and for a.continuous random variable X,

fy(w) = % WX Fy (%) dx. (89)
Y

for a continuous random variable X
1 ¥ .
fx(X)= 5= 0 fx(w)e'JWX dw. (90)
2p Sy

fx (x) and f x(w) are Fourier transform pair.

Application : To determine the probability density of the sum of two independent random
variables, it is often first/easier to determine the characteristic function of the sum of the
random variables and then the probability density function.

Example
Y=Xq1+X2
fy(w) = E[e/W]
fy(w) = E[e/ WX1HWX2)
Fy(w) = E[e/ VX1 E[WX2)
Fy(w) = f x (W) y(w)

¥ :
fy (y) = 2_%) ?éfy(w)e'JWy aw. Q.E.D.

Joint Distribution

We will now consider two random variables X and Y that take on the values x1, X2,

., Xnandyy, y2, ..., Yn. Thejoint distribution function of the two random variables
is defined as
Fxy(x, y)=P(X<xandY<y). (91)

14
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Fxy(X, y) hasthe following properties.

1.  Fxy(X, y) ismonotonic non-decreasing in both variables.

2. Fxy(x,y)->0if either x or y approaches - ¥ .

3. Fxy(x,y)->1if bothx andy approach¥ .
4. Fxy(x, ¥)=Fx(x).
5. Fxy(¥.y)=Fy(x),
where Fx(x) and Fy(y) ae the distribution functions for X and Y,
respectively.
For discrete random variables, the joint probability is
PX<x, Y<y)=P(X<xandY<y). (92

PX<x,Y<y)= a a  PX=xj,Y=yj). (93)

and satisfies the following equations.

n n
1. & a P(X=x,Y=y)=1 (94)
i =1 =1
2.  Whenthevaueof Xisxj,
0
PX=xj)= a PX=xj,Y=Yj) (99)
j=1
0
PX=x])= .alp(x:xi/Y:yj)P(Y:yj). (96)
J =
3. P(X=x/Y=yj)=P(X=xi,Y=y)/P(Y=y)). (97)

For continuous random variables, the joint probability density function fxy(X, Y)
satisfies the following equations.

1L fxy(x y) =20, (98)

where-¥ <x<¥ and-¥ <y<¥,

¥ ¥
2. ?g ?g fxy(x, y) dx dy = 1. (99)

15
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X Yy

3. Fxy(xy)= gé ?é fxy(x, y) dx dy. (100)
2

4. Ixy(xy)= 4 dy Fxy(X, )1, (101)

where Fxy(X, y) is continuous and differentiable.
Expectation
The expectation of afunction g(X, Y) of thediscrete random variables X and Y is

EloX, 1 = 84 by PX =i, Y =) (102)

The expectation of afunction g(X, Y) of the continuousrandom variables X and Y is
¥ ¥
E[g(X, V)] = c;é @ olx, Y)fxy(x, y) dx dy. (103)

In the following analysis only continuous random variables will be considered, but the
corresponding relationships apply throughout to discrete random variables.

The expected value (expectation) of two random variables has the following properties :

1. E[gi(X, Y) + (X, V)] =] = E[g1(X, )] + E[gp(X, Y)] (104)
2. E[kg(X, )] =k E[dX, Y)] (105)
3.  E[k]=Kk,if kisaconstant (106)
4. E[kg(X, V)] >0,if X, Y)>0foradl Xandy. (107)

Two random variables X and Y areindependent if

P(X<Xj, Y<y))=P(X<xi)P(Y<y)). (108)
Thus

Fxy(X, ¥) = Fx(X) Fy(y). (109)
The above equation implies that

fxy(x, ¥) = fx(X) fy(y). (110)

wherefxy(X, y) isthejoint density function. When X and Y are independent,

¥

¥
E[oX) gY)] = _?é g)AY)fxy(x, y) dx dy. (111)

0
-¥

16
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E[oX) oY) = _E gx)fx(x) dx _E ay)fy(y) dy. (112)

E[oX) a)] = E[9X)] E[AY)]. (113)
In particular, if x and y are values of two independent random variables X and Y,

E[X] E[Y] = E[XY]. (114)
Moments

The ki-th moment about the mean is defined to be

hyg = E[(X - moK (Y - my)] (115)
where my isthe mean of X and my isthe mean of Y. In particular,

hog = E[(X - mx)] = sx2 (116)
and thevariance of Y is

hoo = EL(Y - my)2] = sy2. (117)
The covariance of X and Y is defined to be

h1q = E[(X-mx)(Y - my)] = sxy. (118)

and the correation coefficient of X and Y is defined to be

h h
11 XY
20~/ Moz XY

It followsthat -1 < rxy < 1. rxy givesameasure of dependence between random

variablesX and Y. For example, rxy = 0.9 or rxy = -0.9 give the same measure
of dependence between X and Y.

In general,

h11 = E[(X-m)(Y - my)]
hll = E[XY - IT)(Y - IT}{X + TT)(IT}{]

hqq = E[XY] - nmxmy. (120)
Therefore, E[XY] = hqq + mxmy where E[XY] gives the (k = | = 1)-st moment
about zero.

If X and Y are independent, then
E[XY] = E[X]E[Y] (121)

17
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Thus

hq1 = EIX]E[Y] - mxmy (122)
hll = 0.

r xy isasoequal to zero.

Summary

Two random variables X and Y are

dtatistically independent if fxy (X, y) = fx(x) fy(y)

uncorrelated if E[XY] = E[X] E[Y]
orthogonal if E[XY] =0; i.e., either E[X] =0or E[Y] = 0.
Hence

Figure 4

If X and Y are statistically independent, then functions of X and Y (i.e,, g(X) and
oY) _ are aso independent.

flaX), oY)] = floX)] flA(Y)] - (123)
flaX), Y )] isthejoint probability density of g(X) and (Y ).

If X and Y are statisticaly independent, then functions of X and Y (i.e, g(X) and
oY )) are uncorrelated.

E[9(X) oY) = E[9(X)] E[(Y)] . (124)

If X and Y are uncorrelated, then their covariance and correl ation coefficient are both zero:

Myy = Sxy = E[(X - mx)(Y - my)]
My = sxy = E[XY - nxY - myX + mxmy]
Myy = Sxy = E[X]E[Y] - mxE[Y] - myE[X] + mxmy
My =Sxy = MXMy - MXMy - MMy + Mxmy
My =sxy = 0.
r XY =0= SXY/SXSY'
Thisimpliesthat the random variables (X - my) and (Y - my) are orthogonal .

For any two random variables X and Y,

18
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E[X + Y] = E[X] + E[Y] (125)
E[X+Y] =nx +my

so that the mean of their sum isequal to the sum of their means.

The variance

s2x+y = E{(X+Y) - (nx +my)}?]

s2y,y = E[X2 + Y2 + 2XY + m2 + m@2 + 2nymy - 2mX - 2nKY -
2mk X - 2myY]

24y = E[(X - mQ)Z+ (Y - my)2 + 20X - my)(Y - my)]

$2x4y = Sx2+sy2 + 25y, (126)

If X 'and Y areuncorrelated, sxy = 0. Equation (126) becomes

2 2

4y = SX2+SY2 (127)

Thusif two random variables are uncorrelated, the the variance of their sum equals the sum
of their variance.

If X and Y are orthogonal, it can be seen that

E[(X + Y)2] = E[X?] + E[YZ] (128)
because E[XY] = 0 for orthogonality, i.e., E[X] or E[Y] = 0. Since E[XY] =
E[X]E[Y] for uncorrelation, this implies that X and Y are uncorrelated if they are
orthogonal.
In general, if X and Y are statistically independent then X and Y must also be

uncorrelated. However, uncorrelated random variables need not be statistically
independent.

Example

X andY are satistically independent,
E[XY] = E[X]E[Y]

but if thay are uncorrelated, then, in general,
E[XY] t E[X]E[Y].

Examples of Various Distributions

1. Binomial

Consider a sequence of repeated independent trials of a given random experiment with
only two possible outcomes on each trial and with the probabilities of two outcomes
fixed throughout the trials. Such sequences are called Bernoulli traials.
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It is conventional to call one of the two outcome S (success) and the other F
(failure). The probability of a successis p and the probability of afailure g, where

p+qg=1. (129)
Thus, in any onetrial,

PO =p (130)

P(F)=1-p. (131)
Since the individual trials are independent, the probability of obtaining a given

sequence of successes and failure in n trials, where there are k successes and n -
k failures, is

Py = pk (1-p) (N-K). (132)

In a sequence of ntrias, there are i 8 different sequences containing k successes

and n - k failures. These sequences are mutually exclusive and each has Pi. Thus

the probability of obtaining k successes in a sequence of n independent trials, where
any sequence of k sequence and n - k failuresis acceptable, is

by = g’i Opk (1-p) (n-K), (133)

b is the (k+1)-term in the binomia expansion of (p + g)" where

n. 2 ok (n-k)
p+g= a pKq(n-
k =0 &2
(p+o= & by (134)
k=0

Sinceq =1 - p, equation (134) becomes

0
a
k=0

bk =[p+(@-p)"=1.

In addition, by is non-negative, it is therefore a probability function, written as Py
, Of the discrete random variable k.

The variation of by with k, for a given n, gives the corresponding Binomial
Distribution with a probability

PR = & Opk(a-p) (-K (135)

fork=0,1,2,..n.

It may be shown that the mean value E[K] of the binomial distributionis
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E[Kl=mc=np (136)

and thevariance E[(k - m)?] is

sk2=np(1-p) (137)
sk =E[(k-mo)2.
Poisson

Consider the binomial distribution where n becomes very large and p very small but
n p remains of areasonable size. Supposethat asn-> ¥, p-->0and

np =1 (138)

wherel isafinite non-zero positive constant.

Thefirst term of the binomial distributionis

bo= E3p0(1-pN= (1-pN (139)
Thus
lim bg= Ilim (A-[l /n})n
n® ¥ 0 n®¥( [ 2
lim bg=el . (140)
n® ¥

The second term of the binomial distribution is

- &dopl(1.0 (N-1)= N__P _p N
by= Gopt@-p ("= Gy @-p
_ |
1= Ay ™ (141)
and
. _ . | |
lim b= lim —————e
n®@¥ - ney 1(-[Ih)
. _ . | N
lim b= Iim —el. 142
n® ¥ 1 ney 1 (142)
In general,
K
lim b= lim ——el, (143)

n® ¥ n® ¥ k!

fork=0,1,2 ...,n Thusifn->¥ andp->0insuchawaytha np=1,
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where | isafinite non-zero positive constant, in the limit by becomes the (k + 1)-
th term py of the Poisson Distribution, where

K
k= rel (144)

fork=0, 1, 2, ..., ¥. Inaddition, pk is non-negative, and
I
o k!
pk=e' el=1. (145)

p=el &
k =

k=0

ok etk

k=0
Thus pk is the probability function P(k) of the discrete random variable k.

It can aso be shown that the mean my and the variance sk2 of pk are each equal to
| . Thus

E[(k-m)2] = si?=1. (147)

Gaussian or Normal Distribution

The random variable X isbinomially distributed if the probability that it has the value
XIS

PX=x)= & SpX(1-p) (N-x), (148)

forx=0,1,2, ..n.

As n increases to a very large value and assuming that n p (1 - p) >> 1, the
probability that the random variable has the value x becomes

1 x - np)°

= e o OP 2w - o)

(149)

The random variable is here discrete and not continuous. In the limit asn -> ¥, the
random variable X can be for practical purposes be considered to be continuousfrom
-¥ to ¥, with aprobability density function

1 (x - my )?
———expl- ———1, (150)

2s
\ 2st X

fx(x) =
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¥ <X<¥,

Figure 4.1

The approximation is amazingly good even for small n (n > 5) provided that p is
not too far from 0.5 and |x| not much greater then sx. Equation (150) is now
defined as the Gaussian probability density function of the random variable X.

Its meanismy and itsvariance is sxz. fx(x) issymmetrical about my.

2
¥ 1 x - my )
P(X>a)= o exp[- —=—] dx (151)
a 2ps 2 2s 2
\ X X
¥ 1
P(X>a) = o exp (-22/2) dz. (152)
@-m ) V2P
Sx
To evaluate this integral, we will use tabulated values of the Q function, which is
defined as
1¥
Qy) = 5, 0exp(-z2/2)dz; y>0 (153)
Py
Thus
P(X>a)=Qy) (154)

wherey = (a - mx) / sx. In fact, a Gaussian probability density function is
completely defined by my and sx2, where X isthe random variable itself.

Important Results :

1. Sum of two or more statistically independent Gaussian random variables is also
a Gaussian random variable.

2. If two Gaussian random variables are uncorrelated then thay are alsostatistically
independent. Gaussian random variables are the only case where uncorrelation
gives independence.

3. nmx =0givesaWHITE Gaussian Random Variable (WGRV).

4. nmx =0, sX2 =0, then fx(x) issaid to have a unit normal distribution.

Central Limit Theorm
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The theorem states that if X1, Xo, ... X are statisticvally independent random variables

and Y = _é’\ Xj, then, as n becomes very large, the distribution of Y approaches a
[

Gaussian distribution. It can now be seen that a random noise can be modelled by the

Gaussian probability density function because noise in communicatin sytstems is often
made up of avery large number of independent noise sources.
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