Polynomial Description of Cyclic Codes on Mac

38. Polynomial Description of Cyclic Codes

Most of the known good codes belong to a class of codes called linear codes. However, the
implementation complexity of decoders becomes impractical for linear codes with very
large block lengtm. Linear codes with an extra degree of algebraic structure are most
welcome, in the hope that the decoding complexity can be reduced. Cyclic codes offer such
additional structure.

Cyclic codes form an important subclass of linear codes. These codes are important
because their underlyin@alois field description leads to encoding and decoding
procedures that are computationally efficient. The treatment here will concentrate on the
basic principles obinary cyclic codeand thesyndrome decodingf the codes [1].

Polynomial Description of Cyclic Codes

Definition 38.1.An (n, k) linear code is cyclic if every cyclic shift of @deword
(codevector) is also a codeword (codevector) in the code.

A cyclic shift of a codeword of length represented by amtuple codevector
V =[vg V1 ..Vvp-1l, ] times to the right is anothem-tuple codevector
V() = [vo.j, Vn-j+ 1, -2 Vn-1, VO, V1, - Vn-j-1]- Clearly, cyclically —shifting
V j places to the right is the same as cyclically shif¥hq-j places to the left. For
convenience, we always shiftto the right.

Example 38.1

V =[vg v1 v2 v3]
=[1 0 1 1]

v =111 1 0]

The codevector of a cyclic code may also be expressed in polynomial form with
indeterminate.

V(X) = VX1 + v ox2 + L +vgx + v, (38.1)

v(x) is called thecode polynomialof the codevecto¥. For (, k) cyclic codes, the
code polynomial has a degreemt (vh-1# 0) or less\y.1 = 0). Clearly, the code

polynomial that corresponds to the codeveetdris
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VD) = vijex 1+ v o2+ L vpd e voxd
+vp1d L o2 + L dvprax + v (38.2)

v(X) has the following property.

xv(x) = qx)(x" - 1) +v)(x) (38.3)
where

4(x) = V1971 +vpox 2 + L Ve 1X + Vi (38.4)

and v(i)(x) is the remainder okiv(x) / (x" - 1), denoted as Remiy(x) /(xN -
1)}

An (n, k) cyclic code may be defined in terms ofjanerator polynomiag(x),
where

909 = gk K + gk xXrk L+ + gix+ g (38.5)

and gi O GF(q) for 0<i < (n -k). g(x) is unique and of minimum degree,
because a new polynomial of degree less thark can only be constructed by
subtraction (modulo-2 addition for binary codes) @) of degreen - k and a
polynomial of the same degree if that polynomial exists. All the parameters of a cyclic code
can be determined from its generator polynomig). It can be shown that the code
polynomial, v(X), is a multiple ofg(x) [1]. Furthermore, the code has the following
properties:

Theorem 38.1The generator polynomial(x) of minimum degreen - k of a , k)
cyclic codedividesx - 1.

Proof. Dividing xN - 1 byg(x), we getx - 1 =h(x)g(x) + b(x), where h(x) is
the quotient and(x) is the remainder. The remaindefx) can be expressed &aéx)

= [(x" - 1) -h(x)g(x)] modulo-&N - 1) = - h(x)g(x) modulo-&N - 1). Since
h(x)g(x) is a code polynomial, the remaind#K) is also a code polynomial and has a
degree less than the degreeg@x). But the generator polynomigi(x) of minimum
degree is unique, the only such code polynomial of degree less than the deffx@esof
b(x) = 0. This says/ - 1 =h(x)g(x) andg(x) divides x" - 1. O
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For largen, XN - 1 may have many factors of degre& Some of these factors
(polynomials) generate good cyclic codes and some generate bad cyclic codes.

Let u(x) be theinformation polynomial of the information vector
U =[uguq ...uk-1l, where

u(¥) = XKL + e oxk2 + . +ugx +ug (38.6)
anduj O GF(qg) for 0<i < (k- 1). The encoding operation can be expressed as

V(x) = u(x) g(x) (38.7)

Since the generator polynomig(x) of degreen-k for an @, k) cyclic code
dividesx - 1, we can write

XN - 1 =h(x)g(x) (38.8)
where
h(x) = hxK + hy_1xK-1 + . +hyx + hg (38.9)

and hj 0 GF(q) for 0<j < k. h(x) is called theparity-check polynomiabf an
(n, K) cyclic code.

Theorem 38.2.Let g(x) of minimum degreen-k and h(x) of degreek be the
generator and parity-check polynomials of ankj cyclic codeC, respectivelyC U,
the dual codeof C, is generated by the polynomia U(x) = xkh(X'l) =
hoxK + hyxkK-1 + . +hyg_1x+ hi of degree k, wherexKh(x-1) is the
reciprocal polynomiabf h(x).

Proof. By Theorem 38.1, the generator polynong@k) of minimum degreea-k for
an (, k) cyclic code dividesxn - 1, we can writex" - 1 =h(x)g(x). x"N -1 =
h(xX)g(x) implies

xN -1 =h(xDg(x1)
1 -xN =xNh(xDHgx1
-(x" - 1) =xKn(x-1)xN -Kg(x-1).

Thus, xKh(x-1) divides xN - 1 and the polynomiakKh(x-1) of degreek is the
generator polynomial for the dual codeQof m|
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There is an interesting relationship between the weight structure of a code and the
weight structure of its dual code. Let a polynomidk) = Apxn +An_1x”'1 + ...+
A1x + Ag be theweight enumeratoof an @, k) linear code, wherd\j denotes the
number of codewords of weight in the @, k) linear code. Also, leB(x) =
BpxN + Bph.1x"N-1 + . +B1x + Bg be the weight enumerator of its dual code,
where B denotes the number of codewords of weiglm the f, n - k) dual code.
The weight enumerat@X(x) is related td(x) by the MacWilliams identity [2] as

AX) = 200 - K (x + 1 B[ _f(x—:ll) ] (38.10)

Often, the weight distribution of a code is not readily determined, but the weight
distribution of its dual code is known. In this case, we can determine the weight
distribution of the code from its dual code, and the probability of undetected word error of
the code.

Given g(x) of an f, k) cyclic code, we can put the coddo systematic form.
Let u(x) = ug-1xK-1 + upoxk-2 + . +uqx+ ug be an information polynomial.
Dividing x”'ku(x) by g(x), we getx”'ku(x) = a(x)g(x) + b(x), where a(x)
is the quotient andb(x) = bpy-k-1X""K-1 + by i.oxN-K-2 +  +byx+ by is
the remainder. Writexn‘ku(x) - b(x) = a(x)g(x). Since a(x)g(x) is a code
polynomial, this implieS(”'ku(x) - b(x) is also a code polynomial. Hence, systematic
encoding of cyclic codes consists of the following operations:

1. Formxn-Ku(x).

2. Find the remainddi(x) from x”'ku(x) /9(x) .

3. Form

v(x) = xN-Ku(x) - b(x) (38.11)
where

b(X) = bp-k-1X"K1 + b oxK-2 + | +hyx+ by, (38.12)
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Substituting equations (38.6) and (38.12) into equation (38.11), we get

V() = U XL+ ugeox™ 2 + L +upxd-kEL 4 gxink
bk XK1 - b oxK-2 - _byx- by (38.13)

For binary cyclic codespy =bj and O<i<n-k- 1.

Example 38.2

An (7, 4) binary cyclic code generated bgx) = x3 + x + 1. Givenu(x)
x3 +x2 +x, find v(x).

1. x/%u(x) =x6 +x0 + x4,
2. By long division and modulo-2 addition, the remainder
b(x) = Rem &/-4u(x) / g(X)} = x2.

3. V(X)) =x"Hx) +b(x)
=x6 + x5 + x4 + %2,

The generator polynomial(x) of degree 3 generates an (7, 4) binary cyclic code
becausey(x) dividesx"=7 + 1.

x4 +x2  4x 41

x3+x+1 ) x/ +1
xI +x2  +x4

B +xd
5 3 2

x4 +Xx2  +X
x3 +X +1
x3 +X +1
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Matrix Description of Cyclic Codes

A convenient way to construct the generator matrix from the generator polynomial of an
(n, k) g-ary cyclic code is as follows. Leg(x) = gn-kx"K + gp-k.1xN-K-1 +

.. + 01X + gp be the generator polynomial of an, k) cyclic codeC. The code
polynomials are of the fornv(x) = u(x)g(x) = uk-1xK-1g(x) + uk.oxK-2g(x)

+ ... +u1xg(x) + upg(x), and there aqu number of code polynomials. Putting the

coefficients of the code polynomialtgx), xg(x), ...,xk'lg(x) in vector form, we
have

0Gy 0 BY% 91 9% = S 0 0 0 o
DG N g0 99 9 - 4 4 0 0 0
G = U 1 D:D U
DE D D: ... '.. D
Eek_lé %O - 9 9, S N 0 E
o° 0 90 91 Y%k DO

(38.14)

The set ok row vectors of th&-by-n matrixG are linearly independent vectors
and all the linear combinations Gfg, G1, ..., Gk-1 of the formV =ug Gg +u1 G1 +
... +Uk-1 Gk-1 form ak-dimensional subspace of the vector space of-&liples over
GF(q). G as constructed is indeed a generator matrix ohgk) €yclic codeC.

In a similar fashion, we can form an-K)-by-n matrix H from the generator
polynomialxkh(x-1) of codeC ! , where

Shk h 4R _, -~ hy 0 0O ]
50 h. R, .. .. hg 0 .

H = U: : O (38.15)
Jo h h., o U
- k -1 N -
Jo 0 h B, . hyD

H is the generator matrix of the dual ca@lel. Any codevector irC is orthogonal
to every row oH. Thus,H is the parity-check matrix of the co@e

Given g(x) of an f, k) cyclic code, we can also put the codgnerator
matrix into systematic forreggg Recall equation (38.11)

v(X) = x"-Ku(x) - b(x) (38.16)
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where
b(x) = Rem &M-Ku(x) / g(x)} (38.17)

which transforms the cyclic code into systematic form. Suppose we form a remainder
bi(x) from x"-K+i y(x) / g(x) , we obtain

aj(x)g(x) = x"k*Hiu(x) - bj(x), (38.18)

aj(x)g(x) is a multiple ofg(x); i.e., a code polynomial corresponding to a codevector
(codeword) for i <k-1 and

bi (%) = bj k- 1XNKL +bj e X 1K2 4 by 13+ b0,
(38.19)

The codevector form of-k+i u(x) - bj(x) is
Vi=[bj,0 b1 - bink-1Up Ur .U ...ugk-1] (38.20)

with uj = 1 andui = 0 forj #i. Cyclically shifting the vectoVj k times to the
right, we get Vi (K =[ug uy ..uj ..uk-1-bj,o bj 1 ... bjn-k-1]. By
placing the vectoY (K) as thei-th row of Gggg we obtain

Bl O .. 0 _b0,0 _bO,l _bOm K -1 %

n0 1 .. 0 -b -b .. —Db B 0
GSEF:D: | o 1,0 | 11 | 1n k -1 D(38'21)

D0 0 ... 1 —bk 10 —bk a1 —bk 1n &« -1 0

which is the generator matrix of cod® in systematic form. The corresponding
systematic parity-check matrtkgggis

o g b1 g b 10 10 .. OE
b b 01 ..0Q

Hser=p 91 1 :k 11 o ~ §(38.22)
%"on«—lbln«—l e b n g 00 1

We can also obtain the standard-echelon-fGgEEfrom the generator matri@
of the code by row/column transformations. For ayk) cyclic code, we only perform
row interchange and combination operations on the generator iGatoixobtainGgg g
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Columninterchange and combinatioperationsare not possible, as thisstroyghecyclic
propertiesof the codeHgggcan then be found by taking the corresponding elements in
GgEFas the elements iHggpaccording to equations (38.21) and (38.22).

Example 38.3
NGy O
N 0 [
' i i - 01 O
Given the generator matrix of an (7, 4) binary cyclic codeGof Og_ O°7
2
12§
-3 0
nl 1 01 0 0 0f
0o 11 01 0 oO '
Eo 01 1 0 1 O%the standard-echelon-form Gfis
oo 0 0 1 1 0 1O
Gl
5708 g1 00 01 1 0p
G 0®10 0010 00 1 10
SEFT0Gc',07Ho 01 0 1 1 1f
HG-EDOOOJ_lOlD
0o~ 30

whereG'g:=Gpg+G1+Gp,G'1:=G1 +G2+G3,G'2:=Go +G3,G'3:=G3z and

nl 01 1 1 0 0f
Hserp=H1 1 1 0 0 1 OH
oo 1 11 0 0 1O
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