Concept of Information and Entropy on Mac

31. Concept of Information and Entropy

The information content of a message must be established to determine if the message can
be transmitted over a channel withreannel capacitpf Ce.

In the context of information theory, signals which change unpredictably with time give
useful information.Repetitive signalsontainno information Thegreatertheuncertainty

of a signal occurring, thenoretheinformationcarried. For simplicity, we shall assume
discrete signals.

Consider the voltage-time diagram of Figure 31.1 (a).

Figure 31.1 (a) Voltage-time diagram, (b) message 1, and (c) message 2.

Suppose we take a duration df secondsand divide it intom intervalsof 7 seconds
eachthen

h||—|

m = (31.1)

In each intervglthere exist$ possiblesignallevels Figure 31.1 (b) and (c) show two
possible discrete signal messages.

Given n possible signal levels per interval ofseconds, theéotal number of signal

combinations inT secondss nT/T. Clearly, the presence of noise can reduce our
capacity to distinguish distinct signals.

How much information can be transmitted in a message lagsegonds? Intuitively, we
can assume that theformationassociated with a messag@isportional tol. By taking

the logarithm ofnT/T, the amount of information of the messagd iseconds can now

be made proportional r%_rlog n. If basee is used, the unit of information is imats

If base-2 is used, the unit of information iskns. In practice, we prefer base-2. A
combination of 1s and Os can then be used to represdet/al signal rather than sending
n discrete values in the same interval.

Let us assume that the amount of information in a mesaageg T secondss

I_ log n bits in T seconds (31.2)
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Thus the amount of information transmitgel seconds

T—l logo n bits/second (31.3)

The information content of a message theisitesnot onlyto therelative frequency of
occurrencéut also to théotal number of signal combinatians

Sketch of Proof.

If n possible events are specified to bertlpossible signal levels at any interval, then the
probability of occurrence for equally likely eventpis 1h.

The information carried by the appearance of any one eventimtervais
logon=-logpp bits/interval
and the total information in a message lastingtervalsis

-mlogp p bits inmintervals

Sincem = 'TI'_ , the total information in a message lasfingecondss

T

L logpp = 'Tr_ logo n bits in T seconds

and the total information carriggbr seconds
1, .
7 logon bits/second O

Entropy

Consider the case of transmissionmpossible signal levels in an intervalodeconds.

n
2 pi=1
=1
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If the n possible events are specified to berlpossible signal levels at any interval, and
eventi with pj occursaj times in ajgt samples, then each time the eviewtcurs,

we get -lo@ pj bits of information per interval. Thus, the average information content of
atot appearances of all eveqtsr intervalis

n
1
H = — i (-lo i
av = a_- izzl 3 (-log pj)
n
=- > . pi 1092 pj bits/interval (31.4)
| =

The qualityHgy is called thesntropy

The amount of information in a message carried intervalsis

H =- mHaV
n
=-m2 pjlogp pj bits inmintervals (31.5)
| =
Sincem = 'TF_ , the amount of information in a message carriedgacondsis

n
H = 'Tr_ > pilogy pi bits in T seconds (31.6)
i =1
The average amount of information carrieg@@th seconds
1"
Hav=-7 % pilogzpj bits/second (31.7)
i =1

A channel capable of transmitting this information should have an average capacity
Cc > Hay (31.8)

C. is called thechannel capacity It is defined as thenaximumamount of information
per second, usually in bit/s, that can be sent over a channel.
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Example 31.1

If n=2,p1 =pandpy =g, we have

H=-m(plogop+ qlogyQq) bits inmintervals

and

Hav =-(plogo p+ qlogp ) bits/interval

Whenp = 0.5, we get

Hav=-(0.5log 0.5 + 0.5 log 0.5)
=1

bit/interval

Figure 31.2 A plot ofHgy againstp.

Example 31.2

If p1 =p2=...=pj=1hfor 1<i <n, we have

n
H =-m X n—llogzn—1

i =1
=mlogpn bits inmintervals
and
n
1 1
Hav =-2 gm lo®2 g
] =1
=logo n bits/interval
Reference
[1] M. Schwartz, Information Transmission, Modulation, and Noise, 4/e, McGraw-

Hill, 1990.
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Figure 31.1 (a) Voltage-time diagram, (b) message 1, and (c) message 2.
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Figure 31.2 A plot ofHgy againstp.
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