Fourier transform on Mac
3. Fourier Transform
From Fourier Series to Fourier Transform [1, 2]
In communication systems, we often deal with non-periodic signals. An extension of the
time-frequency relationship to a non-periodic sigs(gl requires the introduction of the
Fourier Integral. A nonperiodic signal can be viewed as a limiting case of a periodic signal,

where the periodg approaches infinity. A$g approaches infinity, the periodic signal
will eventually become a single non-periodic signal. This is shown in Figure 3.1.

Figure 3.1 Effect on frequency spectrum of increasing pefiigd

The normalised energy of the non-periodic signal becomes finite and its normalised power
tends to zero.

Consider the amplitude spectrum of a periodic waveform as shown in Figure 3.2.
Figure 3.2 Amplitude spectrum of a periodic time function.

Let wn =nwg andAw = wp+1 - Wn = .I?—" The Fourier series of a periodic
0

waveforms(t) with periodTy can be written as

[o0] . 00 .
s(t) = _I_—ln _z Cnh énabt :% . _z Cn e|nw0t Aw (3.1)
O - —00 ——00
and
a JFFOIZ
cn= [ st) "Wty (3.2)
a —TO/2

The constanta is usually set to 0. [Ty approaches infinitywg goes to 0. The
harmonics get closer and closer together. In the limit, the Fourier series summation
representation o$(t) becomes an integrat,, becomes a continuous functi@{w),

and we have a continuous frequency spectrum. In summafy, &, > becomes

[, wn becomesy, andAw becomesiw. We have
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Fourier transform on Mac

s(t) =% _}o cn el de (3.3)
and
Sw) = Fs(t)] = . im cp= c}o s(t) eJ ot dt (3.4)
o”® 77

It is also very common to work in terms of frequericly/= w/21m, because spectrum
analysers are usually calibrated in hertz. Thus, we can express (3.3) and (3.4) as

s(t) = Fs()] = _(}o () el2mt df (3.5)
and
Sh=As)l= | s ed2nt o (3.6)

The functionss(t) andS(f) are said to constitute a Fourier transform pair, wiséfe
is the Fourier transformof a time functions(t), ands(t) is thelnverse Fourier
transform(IFT) of a frequency-domain functicsf).

Shorthand notation expressed in termsanidf : s(t) <-> )
Shorthand notation expressed in termsaidw : s(t) <-> Jw)

All physical waveforms encountered in engineering practice are Fourier transformable.
In general ) is a complex function of frequency.
In two-dimensional cartesian fort§(f) can be expressed as

S(f) = X(f) +jY(f) (3.7)

In polar form,§f) can be expressed as

() = Is(h] &0 (3.8)
where
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Fourier transform on Mac

SO =/X 2 ) +Y 2¢ ) anderm = tarr ;((((ff)) (3.9)

[S(f)| represents thamplitude spectrunand 6(f) represents thehase spectrunof

s(t).

—t
Example 3.1 Find the spectrum of an exponential pusé = % 2 O.
) t<0

S(f) = j et e] 21Tt gt

_ 1
S0 = T35 2

shl= [—L—
1+( 2mf)

o(f) = -tarrl (271f)
Transforms of Some Useful Functions [3]

1. Dirac Delta Time Function
00 .
A& = [ swel PMat=1

&) <> 1

Also, it can be shown tha&t - tg) <-> eJ 2rito

2. Dirac Delta Frequency-Domain Function
00 .
Fusn= | of e Mdf=1
—00
1<->f)

| 2ot

Also, it can be shown thad <> f-fo)
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Fourier transform on Mac

Example 3.2 Find the spectrum of a sinusoid(t) = A sin 2nfgt =
j 2mf ¢ 4 2wf .t

0 0
e €
A( ; ).
since & M0 <> &t - fg), we have

V(l) = 5~ &1 -fo) - 5~ &f +10)

V() = S - fo) - &f + o))

Figure 3.3 Spectrunof theperiodic functionv(t) = A sin 2rfgt.
3. Rectangular, sir’x, and Triangular Pulses
Figure 3.4 Spectra of (a) rectangular, (b) six, and (c) triangular pulses.
Observations:

1. Figure 3.4a - Spectrum spreads out as the pulse wWidtlecreases.
BandwidthB = 1/T Hz andS(f) decreases asfl/

2. Figure 3.4c - Spectum spreads out as the pulse widtlecreases.
BandwidthB = 1/T Hz andS(f) decreases asf/

The smoother the time-domain function, the more rapidly the spectrum decreases with
increasing frequency, packing more frequency contents into a specified bandwidth.

An inverse time-bandwidth relati@aways exists.

Bandwidth plays a significant role in determinimgnsmission rate

3.4
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Function s(t) )
Rectangular M (Tt—) T[ S'}:}% ]
- t sin fT 2
Triangular /\(T ) T[ T ]
. L t>0 1 1
Unit step u(t) = %) <0 5 ) + ot
) B t>0 1
S = —
ignum sgntj E‘l t<o i
Constant 1 (f)
Impulse at=tg &t - tg) e 270
- sin 2T Bt 1 f -
Sinc ST TE -5 HEEE B denotes bandwidth
Phasor ¢ (2rfot+9) ¢ ¢5(f -fo)
Cosine cos(2tgt+h) L1d a1 -1 + 101 + 1)
Sine sin(2ft+¢) a—?[eJ Dot - 1o) - 125 +10)]
Exponential, Bt/T t>0 T
one - sided =) <o 14 2TfT
Exponential, -[t)/T T
. e - &
two — sided L+ 2 T )2
[o0] [o0]
Impulse train > Ot-KkTp) fo 2  Jf - nfg), wherefg= 1/Tg
k =—o0 n=-oo

Table 3.1a Some Fourier transform pairs expressed in ternsuadf.
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Function s(t) Sw)
Rectangular M (Tt—) T %
- t sinal /242
Triangular /\(T ) T[ T /2 ]
Unit ste () g t>0 o w) + 1
| u(t) = -
P %) t<O Jw
t>0
Signum sgnt)= E]" 2
0l t<0 Jw
Constant 1 2 w)
Impulse at=tg &t - tg) e’ ¢10
: sin 2Bt 1 W .
Sinc “onBtL 5B I'I( ZTB ) , B denotes bandwidth
Phasor ¢ (cot+) omeé ¢5(a)- w0)
Cosine cost+9) e ¢6(w- wo + e'J¢5(w+ w o]
Sine Sint+9) e - w0 -1+ w )
Exponential, Bt/T t>0 T
one - sided %) t<o ltjal
Exponential, -[t)/T T
. e E——
[o0] [o0]
Impulse train > Ot-KkTp) wog 2 dw-nwo),
k =—o0 n=-—oo

wherew g = 21Tg

Table 3.1b Some Fourier transform pairs expressed in termsuod c.
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Properties of Fourier Transforms [3-5]

1. Symmetry (Duality) Property
S(t) <->s(-f)

Proof.

s(t) :_}o gf) el 2t gf
s(t):_}o Sx) el 2mxt gx

[ee]

()= [ 99 e 2Tt gk
s(-f) :_}o gx) e 2Txf gx

s(-H=J S el 2mtf gt

Hence,S(t) <-> s(-f).

2. Scaling Property
1 f
s(at) <'>m X3)
Proof.
(x} -
Fisah] = | s(at) e’]2mt dt
—00

Lettq =atanda> 0, we get

Asty] = () | sty) 120 gy

—00

Fs(tp] = (1/8) S(f/a)

Fora< 0, we get

Asttp] = (1) [ sttp) 612 gy
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Fourier transform on Mac

Hs(tp] = (-1/a) S(f/a)

Hence,s(at) <-> L S(i) O
' la] ™ a’”

3. Time Shifting(Time Delay Property

s(t - Tq) <> (fye’ 27TTd

Proof.
Leta =t-Ty, da =dt

-j 2t d

Fst-Tgl= J s(t-Ta)e t

00 .
[ s(a) o 2rf(a + Td)da
—00
. 00 .
= 2074 T gy &1 20y
—00

— ol 21Ty )

Hence,s(t - Tg) <-> S(f)e'J 2t Tg . |

4. Frequency Shifting Property

s 2l <> (1)

Proof.

00

Sfy= [ s(t) e 2Tt gt

S(f-fo) = _}o S(t) o) 2Tt 4

00 j ot
= [ s € 7O erianft gy
—00
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Fourier transform on Mac

Hence,s(t)ejznfct <-> g(f-fp). O
5. Differentiation Property
n
ds(t)
<-> (j2rf)N (f
o (2mH)" X(f)

Proof.

Direct differentation of the inverse Fourier transfors(t) = F-1[S(f)] =

m .
[ Sf) é2Tt df with respect to time times.

—00

w .
ds/dt= [ j2nf f) el2THt df
—00
ds/ dt <->j27f f)

00

d2s/dt2= [ (j2rf )2 (f) el 270 df

—00

d2s/ dt2 <-> (271 )2 (f)

n

d'st) _ T s nngp g2t
= G2mns( d 2 ar
Hence ds) (127" S() O
"l '

Differentiation increases the high-frequency contfra signal. The derivative of an even
function must be odd. Hence, the Fourier transform of the derivative of the function must be
odd and imaginary.

6. Convolution Property

s1(t) * sp(t) <-> $1()S(f)

Proof.
Asy(t) * sp(0)] = _}o [ _}o s1(A) sp(t - A) dA ] e} 2Tt dit
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Fourier transform on Mac
00 00 .
Asi(t) * s5®1= | s1W[ J sp(t - A) )2t ] d
—00 —00

Since s(t - Tq) <-> (f) e’ 2mTd (time shifting property), the inner integral is the
Fourier transform o$p(t - A). We can write

Asi()* 201 = J _s1(ASp(f)el2mA dA
Alsi(0 * 52000 = S20) | si0ei2
Asu(0) * s2(0)] = S1(0S2(h)

Thereforesq(t) * sp(t) <-> $1(f)Sy(f) O

7. Integration Property[4]

t
J_S) dr <> - 2’11 —S(h) + %5(0) ()

Proof.

1, A<t .
Becausai(t- A) = EQ 1>t it follows that

) t
s(t) * u(t) = _f S(A) u(t-A) dA = _j S(A) dA

where u(t) is a unit step function and the Fourier transform wft) is

U(f) = %J(f) + j 271_” . It follows from the time convolution property that
s(t) * u(t) <-> S(fu (f) and S(fU (f) = S(f)[%é(f) + s Zlﬂ ] =
1 1
ot S(f) + 28(0)5(1‘). Hence we have
t 1 1
_joos(}\) dA <-> [ 2t S(f) + ES(O) (). O
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Operation Function Fourier Transform
Linearity apsy(t) +apsy(t) a151(f) +axSy(f)
Conjugation s*(t) S*(-f)
Symmetry S(t) s(-f)
. 1 f
Scaling s(at) B S(E)
Time reversal s(-t) S(-f)
Time shift (delay) st - Tq) 5f) el 27Td
Frequency shift s(t)ej 2Tt S(f-fo)
Real signal s(t) cos(2tct + 6) % [l O(f-fo) +e] O(f+fQ)]

frequency translation

Bandpass signal

Differentiation

Integration

Convolution

Multiplication

Re(nd 2y
d"s(t)
df’
t
[ s(A) dA

—00

s1(t) * sp(t) =

S s1(A) sp(t-2) dA

s1(t)s2(t)

2 [G(FH) + G*(-+o)]

(12mf)N S(f)

o S0+ 550 &N

S1()S2(f)

S1(f) * Sp(f) =

00

J S1(4) Sp(f-4) dA

Table 3.2a Some Fourier transform properties expressed in termanaff.
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Operation Function Fourier Transform
Linearity a1s1(t) + azsy(t) a151(w) +axSH(w)
Conjugation s*(t) S*(-w)
Symmetry (1) 21s(- )
Scaling s(at) |—é| S(%)
Time reversal s(-t) S-w)
Time shift (delay) st - Tq) S e19Td
Frequency shift s(t)ej Wet S p)
Real signal S(t) cosguct + 6) %[ei 05w cwp) +e1 09wt )]
frequency translation
Bandpass signal Rg{t)eiwct} %[G(w- we) +G*(-w- w)]
n

Differentiation ds(t) (" Yw)

t dtf’
Integration l S(A) dA le S w) + 1Y0) {w)
Convolution s1(t) * so(t) = S1(W)SH(w)

_}o $1(A) sp(t-A) dA
Multiplication s1(0s(t) % S1(e) * Sp(ed) =

> IS Se-A) &

Table 3.2b Some Fourier transform properties expressed in termnanafc.

Example 3.3 Use the scaling and real-signal frequency-translation properties to find the

Fourier transform of a damped sinuss(i =

From Example 3.1 we have

3.12
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Fourier transform on Mac

—t
éls . t>0d <> 1
g)’ t< OE 1+J 2

Using the scaling property with= 1/T, we get

-t/T
élg ’ t>0% S
@’ t<0§ 1+ 2 fT

Using the real-signal frequency-translation property \@ith-1v2, we get

= Lrgjm2 T j2 T
S0 = Z & o=ty " T i) T
The sinapt factor causes the spectrum to move fforD tof = + fg.

8. If 5(t) is real, then

-f) = S*(f) (3.10)

Proof. S(-f) = _}o s(t) el2mft gt and S*(f) = F[s(t)]* =

m - w .
[ [ S(t) e 2Tt df* = | s*(t) el2Tft dt.  Becauses(t) is real, s*(t) =
—00

s(t) andS(-f) = S¥(f). O
9. Ifs(t)is real, then

IS(-HI = B (3.11)
and

o-f) = -6(f) (3.12)

Proof. S(-f) = [S(-f)| el 0(-f) and S*(f) = |S(f)| e-10(f). Becauses(t) is
real, §(-f) = S*(f) and we see that (3.11) and (3.12) are true. m|

S(f) can be complex even thougl) is real.
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Fourier transform on Mac

If (t) is a: Ther(f) is a:

Real and even function of Real and even function &f
Real and odd Imaginary and odd
Imaginary and even Imaginary and even
Imaginary and odd Real and odd

Complex and even Complex and even
Complex and odd Complex and odd

Table 3.3 Fourier transform properties for various forms(of [2].

Example 3.4
cos 2t =& <> S [&fo) +a(f+1o)]
j Mgt o ot
sin 2rft = £ ‘a‘?‘ <> a—l[a(f-fc) ()]

Figure 3.5 Fourier transform spectrum of (a) ca¥@, and (b) sin #ft.

Observations:
1. Figure 3.5a - A real and even function gives a real and even functionfin
2. Figure 3.5b - A real and odd functiontigives an imaginary and odd function in

f.

Parseval’'s Theorem for the Fourier Transform and Energy Spectral Density
[4, 5]

Parseval’'s Theorenfor the Fourier transform states thatsif(t) andsy(t) are two
complex energgignals, then

J s st dt= § S(f) S*o(f) di (3.13)
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Proof.
S osiOs20dt = 1 [ ] Si(f) 2T s*p(h) dt
= }o _}o S1(f) s*o(t) el 2Tt df dt

—00 —O00

Interchanging the order of integration, we have

©0 (e0]

_}o s st dt = [ SO [ sp(te2Mdg* df
= J_SIOIFs0]* df
= I Sih) S*2(f) df o

If 51(t) =sp(t), thenRayleigh’s energy theorestates that the normalised energy is

E= |sl(t)|2 dt= | |Sl(f)|2 df (3.14)

—00

Theenergy spectral densitiSD) is defined for energy waveforms by
E _(f= 1)) 3.15
11 = Bl (3.15)

Proof.

The auto-correlation of a complex energy wavefe{(t) is

Rll(r) = _‘}ooo s*1(t) s1(t+ 1) dt
s sy dt

00

J_ls1(0 Pt

=E= [ [sy(fIPdf

—00

Rl 1(0)

and the Fourier transform Elfll(r) is
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00

- - -j 21f
Ell(f) —F[Rll(r)] = _joo Rll(r) et dr

-1 = j21f
Rll(r) F [Ell(f)] _joo Ell(f) el £TUT df

Rll(o) = _joo Ell(f)df
HenceE = _}o Ell(f)df andEll(f) = |81(f)|2. ]

Power Spectral Density and Wiener-Khintchine Theorem [3-5]

The power spectral density and related concepts foovaer waveformsy(t) can be
readily understood by defining a truncated wavefsi(t) as

t), -T/2<t<T/2
s1(t) = %2() elsewh;: =s0n(7) (3.16)

andsq(t) is anenergywaveform as long akis finite.

Let Poo(f) be thepower spectral densitpf a power wavefornsy(t). TheWiener-
Khintchine theorenstates that the power spectral density and the autocorrelation function
are Fourier transform pairs.

Ro2(1) <->P22 (f) (3.17)

Furthermore, the average normalised power is

2 o0
P =<2(t)>=S = [ P2 (f) df =Rp(0)
2rms

Proof.
The average normalised power of a complex power wavedg(tins

1T /12
P = Ilim T [ sp(t)s*o(t)dt
T -0l J7/2

3.16
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P = lim <L [ s;()s*1(®dt= lm E
_T _)ooT —Im 1 1 - T

— 00

whereE is the normalised energy of the truncated wavemi(t).

The auto-correlation of a complex power wavefsgitt) is

T /2
R_(1) = <s%() sp(t+ D> = lim == [ s*(t) sp(t+7)clt
22 T ol 32
(T2
R (0 = Ilm = s*o(t) so(t) dt
»0) m T qI/z 2(t) s2(0)
(T2
=_lm = [ Isp(t) 2 dt
T oo /2
=P

and the Fourier transform szz(r) is

_ _ 7 jort
P, (0 =AR (0]= | R, (1el2mdr
_F1 _ jort
R, (0 =FUP_(0]= | P_(0e2MTaf
R, (0)= [ P_(0df

o0

HenceP = | P22(f)df.
—00

The average normalised power of a power waveform is now related to the power spectral

density.

Thepower spectral densit{fPSD) for a power wavefornsy(t) is

2

o s ,6)1°H
= m

22() A S

whereS,(f) is the Fourier transform of the truncated wavefsy).

3.17
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Proof.
- - 2
R (D <>E (0=
and
R22(T) <-> P22(f)

The auto-correlation of a complex power wavefost(t) is

T /2
R (1) =<spf)sptt>=_lIm == | s%(t) sp(ten)ct
22 T ool g2
R im <L [ s stndt= i)
)= IIm +— S* s1(t+7)dt=  |im
oD L m T J ") si(t+) Sm T
Hence we have
2
E, () His, ()15
P ()= lim < — = |m g +—0p O
22 e T T nel T

The power spectral density is always a real nonnegative function of frequency. It is not
sensitive to the phase spectrum of the truncated wavedp(th Thus,A sin 2fpt

and A cos 2tfgt have the same PSD because the phase has no effect on the power
spectral density.
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Energy Signal Power Signal
0 1T /2
E =1 sp(t) s*q(t) dt P = lim T [ sp(t)s*o(t)dt
- T 50’ J/2
« E
= [ S(f) S*1(f) df = lim T
—® T 5
00 1T /2
R = s*1(t)sq(t+71)dt R = |m = S*o(t)so(t+71)dt
1140 = J s 0si(t+7) D) M _TI/2 2(0)s2(t+7)
= | Rllcr)
im T
T -
20
E,. () s, )l
. 11 R L | U
E =502 P (= lim —=—— = |
UER=TUl o0 = M —F— = im G ¢
R <>E (f R <->P_ (f
11(T) 11( ) 22(T) 22( )
(0] 00
E = E (f)df P = P _(f) df
joo 11() —Ioo 22()

Table 3.4 Relationships for energy and power signals.
Fourier Transform of Periodic Signals [1]

So far we have used the Fourier series and the Fourier transform to represent periodic and
nonperiodic signals, respectively. For periodic signals, we can use an impulse function in
the frequency domain to represent discrete components of periodic signals using Fourier
transforms. With this approach, both periodic and nonperiodic signals can be incorporated
in a common Fourier-transform framework.

Recall:

Ad(t) <-> A

Ad(t- tg) <-> Ae27ito
A <-> AJ(f)

Ael2TOl < 5 A&(¢- fo)
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The complex Fourier series of a periodic signal is given by

00 .
s(t) = =+ cp e 12mfgt
Ton o

and the Fourier transform sft) is

O=r 2, endnio)

Example 3.5 The complex Fourier series of a periodic rectangular waves(jns

st)=7-_3 ¢cn e)2migt <> 7= 3 cpdf-nfo)
on=- Qn=-

where

sin ZranIZ

Cn = Ami( 21T nfd /2 ).

Figure 3.6 (a) A periodic rectangular wavefors{t), and (b) the Fourier transform
spectrum of(t).

Example 3.6 A periodic impulses(t) is

[o0] (o]
)= Y  t-kTg) <->fg Y  &f - nfg), wherefg = 1/Tp.
k n=-—oo

=—00
Figure 3.7 (a) Periodic impulse&(t), and (b) Fourier transform spectrums(t).

Summary

For periodic signals, the impulse functidff) provides a unified method of describing
such signals in the frequency domain using the Fourier transform.

1. Express the periodic signal in a complex Fourier series.
2. Take the Fourier transform.

If a signals(t) = sp(t)sa(t), wheresp(t) andsy(t) are the corresponding periodic
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and nonperiodic components, respectively, we have

S(t) = sp()sa(t) <->Sp(f) * Sa(f)
If a signals(t) = sp(t) + sa(t), we have

S(t) = sp(t) + sa(t) <->Sp() + Sah)
In using thempulse functiorin thefrequency domairwe must bear in mind that we are
dealing withsignals havingnfinite or undefined energyand the concept einergy spectral
density no longer exists
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Figure 3.1 Effect on frequency spectrum of increasing pefiigd
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Figure 3.2 Amplitude spectrum of a periodic time function.
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Figure 3.3 Spectrum of the periodic functighsin 2fqt.
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Time domain Frequency domain
ATsin TUT
TUT
(= { < T/
|'| 2 \=
AT) 0,1t |> 1L
2
1
AN AN
> > f
T 0T 3 219 12 3
2 2 T T T T T T
(a)
sin 2T Bt
f
ni(!
(g)
e 14

~ -
~ N
~ lw

Figure 3.4 Spectra of (a) rectangular, (b) siix, and (c) triangular pulses.
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Figure 3.5 Fourier transform spectrum of (a) ca¥@, and (b) sin #ft.
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Figure 3.6 (a) A periodic rectangular wavefors{t), and (b) the Fourier transform
spectrum of(t).
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5(t +Tg)a(t) &(t - Tp)

o 0 0

byt N

Tg O To -2f0-f0 0 fqo 2y
(@) (b)

Figure 3.7 (a) Periodic impulse&(t), and (b) Fourier transform spectrums(t).
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