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4. Classification of Systems, Impulse Response, and Transfer
Function

A system is a mathematical model that relates the output signal to the input signal of a
physical process.

Figure 4.1 Representation of a system.
Classification of Systems [1]
1. Linear andnon-linearsystems
Let xj(t) andyj(t), i > 1, be input and output signals of a system, respectively. A
system is called dinear system if the inputxq(t) + xo(t) + ... +xj(t) + ...
produces a responsgq(t) + yo(t) + ...+ yj(t) + ..., andaxj(t) produces
ayj(t) for all input signalsxj(t) and scalam. This is known as theuperposition
theoremand a linear system obeys this principle.

Figure 4.2 Linear system.

In practice, it may be found that a system is only linear over a limited range of input
signals.

A non-linearsystem does not obey the superposition theorem.

2. Causalandnon-causakystems

Let x(t) andy(t) be the input and output signals of a systemcalsal (physically
realisable) system produces an output response at{ifoe an input at timeg, where
tp> 0 andip < t1.

Figure 4.3 Signals associated with causal system.

In other words, a causal system is one whose response does not begin before the input
signal is applied.

A non-causalsystem response will begin before the input signal is applied. It can be
made realisable by introducing a positive time delay into the system.

3. Time-invariantandtime-varyingsystems
If the inputx(t -tg) produces a responsgt - tg) wheretg is any real constant,
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the system is calledtane-invariantsystem.
Figure 4.4 Time-invariant system.
If the above condition is not satisfied, the system is caltedeavaryingsystem.

A system is called anear time-invariant (LTI)system if the system is linear and time-
invariant.

Classification of signals and systems will help us in finding a suitable mathematical model
for a given physical process that is to be analysed.

Impulse Response

Theimpulse responshk(t) of an LTI system is defined as the response of the system

when the input signat(t) is a delta functiord(t). The outputy(t) of an LTI system
can be expressed as the convolution of the input si{tlabnd the impulse response
h(t) of the system, i.e.,

[ee]

y(©) =x(®) * h(t) = | x(A) h(t-A) dA (4.1)
y(t) = h(t) * x(t) = _}o h(A) X(t-7) dA (4.2)

For a causal LTI system,
y(t) = }o X(A) h(t-A) dA = }o h(A) x(t-A) dA (4.3)
0 0

Transfer Function
In the frequency domain, the Fourier transformy(of = h(t) * x(t) is
Y(f) = H(f) X(f) (4.4)

where H(f) is the Fourier transform di(t). H(f) is called thetransfer functionor
frequency respongaf the LTI system.
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Example 4.1 An RC circuit is shown in Figure 4.5. Using Kirchhoff's voltage law,
we get

x(t) =i(t) R +y(t)
dy
Sincei(t) = C— we can write

dy B
RC3 +Y() = X(t)

and
RC(2rrf)Y(f) + Y(f) = X(f)

1
1+) 2T RC f

The transfer function of th&C circuit is H(f) = and the impulse

_t
L 2=
response if(t) = (RC € RC, t20

D, t<0

Figure 4.5 Characteristics of aRCcircuit.
Consider the input signa(t) = &(t). The Fourier transform odt) is

X(f) = Fo)] = I a1 e 2y

=1 (4.5)

and equation (4.4) becomeqf) = H(f). X(f) = 1 implies equal amplitude at all
frequencies. It is equivalent to exciting the system with all frequencies simultaneously.
Rather than applying a sinusoidal signal and varying its frequency continuously to obtain
H(f), a technique to measurkf) is as follows:

1. Excite the system witk(t) = Xt).
2. Measuregy(t) = h(t).

j 2nft

3. FindH(f) = _}o h(t) e dt.

In general,H(f) is a complex function of frequency. In polar fork(f) can be
expressed as

H(f) = H(f)| e 6(F) (4.6)

4.3



Classification of Systems, Impulse Response, and Transfer Function on Mac

From our earlier study of the properties of Fourier transform, we have seenhtptsif
real,

H(-f) = H* () (4.7)
[H(-HI = H()| (4.8)
o(-f) = -6(f) (4.9)

where H* (f) is the complex conjugate d(f). If x(t) andy(t) are real andH (f)
is the transfer function of a LTI system, we can obtain the following results.

Let x(t) andy(t) be the input and outpetnergysignals of a LTI system. The energy
spectral densities ok(t) andy(t) are Exx(f) = X(f)|2 andEyy(f) = ()2,
respectively. Sinc¥(f) = H(f) X(f), we have

Eyy(f) = H()I2 Exx(f) (4.10)
Eyy(f) = H* (HH() Exx(f) (4.11)

Let x(t) andy(t) be the input and outputower signals of a LTI system. Also, let
xT(t) andyT(t) be the truncated signals x{t) andy(t), respectively, where

t), -T/2<t<T/2
x7(t) = g() y ;: =x)n () (4.12)
and
£), -T/2<t<T/2
o= e =von() (4.13)

xT(t) and y.l.(t) areenergysignals as long ak is finite. The power spectral densities

Aix. €170
of x(t) and y(t) are Pyx(f) = Im Dim and Py y(f) =
T 50
v, €1
lim DT7D, respectively. Sinc¥(f) = H(f) X(f), we have

T 5o
Pyy(f) = H *(f)|2 Pyx(f) (4.14)
Pyy(f) = H™ (HH(F) Pxx(f) (4.15)
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We can also obtain the relationship between the input and output auto-correlation functions
of a LTI system. Since the energy/power spectral density and the auto-correlation function
are Fourier transform pairs, the inverse Fourier transforﬁw(f) or Pyy(f) is [2]

Ryy(1) =h(- 1) * h(1) * Rex(1) (4.16)

where Ryx(7) and Ryy(r) are the auto-correlation functions aft) andy(t),
respectively.

Figure 4.6 Input and output relationships of linear system.
Distortionless Transmission [1]

In communication systems, a distortionless transmission is often desired. This implies that
the output signal(t) is given by

y(t) = K x(t - tg) (4.17)

whereK is a constant antyy is a time delay. The Fourier transformy(t) is

V() =K el2id ) (4.18)
= H(f) X(f) (4.19)

where H(f) = K e‘JZﬂftd. Figure 4.7 shows the waveforms and spectra associated
with distortionless transmission.

Figure 4.7 Waveforms and spectra associated with distortionless transmission.
Classification of Filters [1]
1. Ideal Low-Pass Filter.

The transfer function of an ideal low-pass filter is defined by

= 27'rft0l for |f| <t
HLpF(f) = % (4.20)
0 elsewhere

Figure 4.8 Frequency response of an ideal low-pass filter.

The bandwidth of an ideal low-pass filter is equéito
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2. Ideal High-Pass Filter.

The transfer function of an ideal high-pass filter is defined by

= 27Tftd for |f | >f;
Hupr (f) = (4.21)
0 elsewhere
or
_ j2mfty
Hypr () =e - HLpF(f) (4.22)

Figure 4.9 Frequency response of an ideal high-pass filter.
The bandwidth of an ideal high-pass filter is not defined, or infinite.
3. Ideal Bandpass Filter.

The transfer function of an ideal bandpass filter is defined by

(4.23)
elsewhere

-j 27Tftd for f_.<|f| <f
cl c2
HepF (f) = %
Figure 4.10 Frequency response of an ideal bandpass filter.
The bandwidth of an ideal bandpass filter is equidgoe f¢q.
4. Ideal Bandstop Filter.

The transfer function of an ideal bandstop filter is defined by

-] 2mft for O< |f | <f .and |f | =f
d cl c2
Hesk(f) = % (4.24)
elsewhere
or
-j2mrft
Hesr(f) = el d - HgpK(f) (4.25)

Figure 4.11 Frequency response of an ideal bandstop filter.
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The bandwidth of an ideal bandstop filter is not defined, or infinite.
Concept of Non-ldeal or Practical Filter (System) Bandwidth [1]
A common definition of a non-ideal filter’'s bandwidth is the 3dB bandwidth.

For low-pass filters, the bandwidth is defined as the positive frequency at which the
amplitude spectrunt[f)| drops to a value equal tcb(f)|/\/§ )

For bandpass filters, the bandwidth is defined as the difference between the frequencies at
which the amplitude spectrund(f)| drops to a value equal tbl(|fo)|/\/§, where
H(fp) is the peak value ofi[f)].

Figure 4.12 Non-ideal filter bandwidth.
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Figure 4.1 Representation of a system.

X, (t) y, ) X, (t) Y, (1)
Xl(t)+X2(t)+; yl(t)+y2(t):-
ax(t) ay;(t)

Figure 4.2 Linear system.

x (t) y(t) Inputx (t) Output y (t)

m /ﬁ

Figure 4.3 Signals associated with causal system.

X(t'to) y(t'to)

Figure 4.4 Time-invariant system.
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Figure 4.5 Characteristics of aRC circuit.
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x (t) y(t)=h(t)s*x (t)
—> h (t)—>
Auto-correlation Ry, (T) Ryy (T)=h €T)xh (T)* Ry, (T)
function : .
Time domain
X (f) Y(f)=H(f)X(f)
—\H (f)—»
ESD E,, (f) Eyy(f)=|H(f)|2EXX(f)
PSD Py (f) Py (F)=1H ()12 Py (F)
Frequency domain
Figure 4.6 Input and output relationships of linear system.
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Figure 4.7 Waveforms and spectra associated with distortionless transmission.
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Figure 4.8 Frequency response of an ideal LPF.
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Figure 4.9 Frequency response of an ideal HPF.
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Figure 4.10 Frequency response of an ideal BPF.
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Figure 4.11 Frequency response of an ideal BSF.
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Figure 4.12 Filter bandwidth.
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