17 Systems

The term system is nused here to name a machine, set of rules, or any
colection of entities that produce a signal in response to other signals.
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The system is a black box with an inputl and an cuiput.

- The output signals are a response to the input signals.
- There can be any number of input and output signals.

- The input and cutput can be continuous-time signals or discrete-
time signals or both.

This broad definition allows anything to be considered as a system.
Building air conditioning is a system — temperature and humidity are
inputs, and controlled air is an output. A doorbell is a systern — the
press of a button is the input, sound is the output. The internet is a
system with an extremely large number of inputs and outputs. There
are large systems such as the weather, the economy. and the telephone
network. There are small systems such as radios, od players and even
cooking ovens. '



It is useful to study the behaviour of systems using mathematical mod-
els. It has been shown that the signals that a system produces or re-
sponds to can be expressed as mathematical functions. The next step
is to describe the system's response as a mathematical operation.

First it is necessary to classify systems, so that the appropriate mathe-
matical model is used. Systems can be extremely complex but it is often
possibie to divide them into simpler components — similar to the way
that complex signals can be represented as a sum of sitnpler signals.

The notation:
'H1'[f}i u-z{fji ce. F ﬂlfﬂ?!ﬁ“]‘; “e
indicates that the response of a system to input signals w,(1);u(t);... is

the output signals y:(t); y2(4);.. .. The term ¢ is usually time but may be
any other type of independent variable,

The following definitions are given for a syslem with one input signal
and one output signal.



17.1 Memory and Causality

The output at a particular time ¢ = {, may depend on the value of an
input at a past time ¢ < ¢,, and/or the present iime ¢ = ¢,, and/or a
future time ¢ > #,.

Memoryless systems depend only on present input. They do not need
any knowledge of the value of signals at any other time.

A system has memory if its output y(¢,) depends on the input «(t) at
a time ¢ # {,. The system has to remember the value that signals had
or will have at times other than the present. This definition of memory
implies that the system can see into the future (Not toe hard when using
mathematical models that tell you what the future 1s). In a practical
application it is not possible to see into the [uture, however.

If the system depends on u(t) for ¢ < ¢, only then it is called a causal sys-
tem. A memoryless system is therefore causal. The normal progression
of time means that only causal systems, with time as the independent
variable, can be built.

If the system depends on «{t) for ¢ > ¢, then it is non-causal

It is useful to be able to study non-causal sysiems. The [ilters in modern
cd audio players are based on non-cansal designs. To implement these
filters the output is calculated after a delay so that the future nput is
lkmowmn.



17.2 Fundamental Systems

Systems can be constructed that implement the simple signal manipu-
lations that were defined previously, Functions that shift, flip, multiply,
modulate, or window signals can all be thought of as systemns.

Unit time delay

The unit time delay system implements a shift operation. A continuous
time unit delay system with input »(t) has an output y(¢) = u{t —1). This
is a delay of one second.

u(t) — p(t) = ulf—1)

In a discrete-time unit delay systémf the input signal is delayed by one
index. The cuiput is the previous input.

ulk] = yl&] = u[k— 1]

The unit time delay has memory and is causal.



17.3 Linearity

If a system produces the respenses

wi(t) = 1(?)
and

tta(t) — w2lT)
then the system is linear if it is both addifive, that is if

up{t) 4 ua(t) = n(t) +pal?)
and homogeneous, that is if
aur(t) — ep(t)

where ¢ i5 & consiant.
Otherwise the system is nonlinear.
It is very useful to determine il a system is linear because ils analysis

can be simplified. It is important, however, to check the linearity of
system before applying simplified analysis procedures.

Example:
The system:
¥ = MU
is linear. That is, if y; = mu, and y, = mu,, then
Hy + . — miuy Fug) = mug o =+
and
oy — mlow) = moth = o
However, the system:
y=wmu+ec
is nonlinear. This is because it is not additive, it 1 = mu, + ¢ and
iy = mig + ¢, then

up+ug = miw izl re=muptmute=mly—c

It is also nol homogeneous,

ey — mlowr) +e=almu e} +H {1l —ale=am + {1l —ale

Additivity and homogeneity together give the principle of superposition.
This means that the response of a linear system to a complicated input
can he calculated by summing the responses to stmple inputs. The
simple inputs would be those used to construct the complicated one.



17.4 Time Invariance

The response of a systemn to an input may depend on the time the input
is applied.
For example, an automatic entry light system produces light in re-

sponse to detected movement. Any time movement is detected the light
turns on. This operation of the system is time nvariant.

If the system 1s modified by adding a clock, so that no light is produced-
during daylight hours, then the system becomes time variant. The re--
sponse to detected movement may be “do nothing” or “turn on the lght,”.
depending upon the time of day.
Formally, if
u{t) = y(#)

and

ult = 1,) =+ yn[t]

Then the system is time invariant if y,(t) = y(t — 2.) Vo

17.5 Linear Time Invariant Systems

Normally the input to a system is not known for all time. Rather the
input and output calculations begin at zero time. The initial starting
conditions of the system may not be known.

Systems that are linear and time invariant possess the property that
their output is the sum of:

¢ the response to the input assuming zero initial conditions, and

¢ the response to zero input with the actual initial conditions.

Linear Time Invariant (LTI) systems are easier to analyse because the
initial conditions and response te an input can be separately consid-
ered. Useful results are obtained by simply ignoring the unknown initial
conditions.

If the sysiemn is not LTI then the initial conditions cannot be readily
ignored.



17.6 System State

Consider a causal system af time ¢,. It will have an output that is the
result of past inputs. Therefore, in order to determine the output, the
past inputs must be known, possibly back 1o time equal to nedative
infinity. This can present an enormous calculation problem,.

Alternatively, it may be easier to specify the effect of past input on future
putput. The minimum information necessary o specify this effect is
all that is required, and this is usually much less than all past input
information. This minimum information is called the state of the system
at time {...

System State
The state of a system, x(t,), at time { = ¢, is
the information at ¢, that together with the
input «(¢), # > ¢,, determines uniquely the
system's output, (t), for all ¢ > £,.

Example:

The output of a system that performs integration, defined as

i

vty = [ ult)r,

—a
carmot be calculated without kmowing the effect of u{t) for all past ¢
back to t = —ac,

Rather than giving the input «{t) for all ¢ < ¢, and then requiring the
calculation o be performed, it is easier to specily the state of the system
at ! = {,. The state summarises the effect of past input on future output.,

In this example, the state is simply a number that specifies the output
ati =+..

i

yt) = [ u(di+ j w(t) dt

Il

wlt,) + f ult) dt

The input to the system now consists of an input/state pair. That is,
the state at ¢ = {, and the input for all t > ¢,. In general the output of
any system is the resull of an initial state and future input

w(ta)in{t),t 24, — ylt)



17.7 Zero-State Response

If y(f) is the output of a linear time-invariant {LTD) system then y{{) for
t > t, is the response to an initial state x{t,] and an input u{¢) for ¢ > ¢,.

This output of a linear time-invariant (LTI} system can always be de-
composed as

total response = zero-state response + zero-inpuf response

whete the

¢ zero-state response is the output of the system when z(t,) = 0, and
the

» zero-input response is the cutput when u(i) =0 for t > ¢,.

This follows from linearity:

Because the syslem is linear, it possesses the additive property. That is
the output response to the sum of two inputs is the sum of the response
to each input. Thus if

z(thull),t 24, y(t)

then
O x(to);u(d) - 0,8 2 8, =+ y(E) = p1(t) + 1t
where
O;ulf),t >t — (i) =wit)
and

w{t): 0,8 2 4, — y(t) = walt)

In this case y,(¢) is the zero-state response of the system and y.(t) is the
zero-input response of the system,

The decomposition of the total response of a LTI system into zero-state
and zero-input responses is useful because each can be analysed in
isclation. An important zero-state response that portrays a lot of infor-
mation about system is the response to an impulse.



17.8 Impulse Response

The impulse respense of a system is deflined as the output that occurs
when the initial state is zero and the input is an impulse signal.

An impulse is defined by () =0 ¥t £ 0 and [ 4(t)dt = 1.
Given an LTI system

a(fo);u(t), t =4, — p(t)

then the zerc-state impulse response Is A{t), t = 0 given by A(f) = ylt)
when #(0) = =(t,) = 0 and u(#) = §{#):

0;8(£),¢ =0 — A(t)

In simple terms, the impulse response of a system is the output that
occurs when all inputs from { = —oe up to { = ¢, were held at zero (i.e.
the cutput was at its zero-state) and then an impulse funetion is applied
Lo the input.

Next it will be shown that the zero-state response of any LTI system
to any input signal can be determined from its impulse response. The
process of calculating the zero-state response of the system from its im-
pulse response and the input signal is called convolution. This calcula-
tion will be developed firsily for discrete LTI systems and then repeated
[or continuous-time LTI systems.



