18 Discrete Convolution

Consider a discrete system, ufk] -+ y[kl. £ = 0, that is

linear,
time-invariant, and
is at zero-state (i.e. the inputs were zere for all £ < 0.

Its zero-state impulse response s hlk] = y(k], £ = 0 when the Input uj] is
an iImpulse signal. Jé[k]. and the Injtial state is the zero-state.

Eecall that k=0
1 =
{3 £38

Example:

ylk]

Unit
Drefay

In the system shown above, y[k] = u[k] + 0.5y[k — 1].

The zero-state immuilse response is h[k] = y[k] when
o the input u[&] = §[#] and
» the inpuis and outputs are at the zero state for k < (.

Thus the zero state for this system is described by:
y[—1] = 0 and was established with u[k] = 0 ¥k < 0.



The impulse respense can be determined at each % given that we know
y[-1] =0

Eylk] h[k]
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1 S[1]+0.540]=0205x1 1/2
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2 5[2]+Duy |=0+05x1/2 1/4
3 83 0oyi2]=0+05%x1/4  1/8
4]+ 0oy[3] =0+ 05x1/8  1/16
4 86l +05y[4]=04+05x%x1/16 1/32

1 dn]+ 0.5y[n — 1] 1/2"

The zero-state impulse response of this system ulk] — y[4] is therefore

18.1 Convolution

Proposition: The zero- state response of a LTI
system to any input can ke determined frem
its zero-state impulse response.

That is, the response y[k| due to input «[k] can be determined from the
response k], & = 0 to an impulse input 4[k%].



Discussion Any input sequence can be written as an infinite suwm of
inpuis.

ulk] = Zu el — 1],
=0

which for any % iz a sum of impulses multiplied by constanis equal
to u[f]. (uff] is not a function of &, so it is constant as far as ulk] is
concerned.)

The system is LTI, so it is time-invariant, homogeneous, and additive.

Time-invariance implies that the response is the same no maiter when
the input is applied, so if
alk} — R[&]

then
dk—F] — Ak — 1]

Homogeneity implies that multiplying the Iinput by a constant has the
effect of multiplying the response by the same constant, Thus

w)d[k —i] — wlt]k[k—1

Additivity implies that the response to the total input, (k] — y[4], is
the sum of the responses to each u[f]d[k—i] Input, That is, if u[z)é[k—i] —
ufi]A[h — 1] then

oo

ylk] = 5 ubilalk — 1,
im0
Note that A[k] = 0 ¥k < 0 because zero-state at £ = 0 is assumed, so it
follows that [k — i} = 0 ¥¢ = k. Thus, there is no utility in summing
beyond i = k, because the terms become zero.

The result is the Discrete Conwolution of «[k] and A[k].

ylk] = E Ak — i]ud],

i=0

It is inleresting 1o note that becanse : is never greater than k&, the kth
putput does not depend on inputs that occur after the kth one. That
is, the system is causal. If this were not the case then it would be
necessary for the impulse response to be non-zero for some & < 0,



18.1.1 General Discrete Convolution

The general convoluticn operator is denoted by an asterisk ‘+’

Discrete Convolution Operator
The zero-state response of a LTI system to
any input u[k] can be determined from its
zero-state impulse response Ak} as:

k| + ulk] = Z hlk — 2]u7]

fm—ca

Il the zero-state response is required then «[f] = 0 %7 < (), so the summa-
tion need only start at : = 0.

Il the system is causal then Ak — ] = 0 ¥i > &, so the summation need
not go beyond ¢ = &.

Also,
h[K] + ulk] = ii\jh[k—i]ulwi
_ k_?i“ (3 — i)]ulk— ]
- i [k — ]

= ulk] * A[k]



Example:
Consider the previcus example that had a zero-state impulse response
of

If the input is a step function

1 k20
‘?[k]={n ko

then the output can be calculated if the fact that uw[k] — y[k] = u[k]+
0.5y[%k — 1] and y[-1j = 0 are known:

ko ylf] RIE]
0 g0]+0.5y[-1]=1--05x0 1

1 g1+ 0590} =1+0.5x1 3/2
2 g2+ 0.5y[1) = 1+ 0.5 x 3/2 Ti4
3 g3+ 0oy2=14-05x=x7/4 15/8
4 g[4] + 05y[3] = L + 0.5 x I5/8 31716
4

g[b] + 0.5y[4] = 1 4 0.5 x 31/16 63/32

 gn] + 0.5yl ~ 1] (27— 1)/




The cutput can also be calculated without any knowledge about the
system other than iis zero-state impulse response [assuming it is LTI).
The calculation is a discrete convolution of A[k] with g[&].

yik]

for k=0 y[0] =

for k& = 1: y[1]
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hlk] + g[#]
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Thus the response of the system y(&] = ulk] + 0.5y[k — 1] to a step signal
is g[k} — ylk]=2-27%
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In this example the original form of the system response can be arrived
at from the convolution integral:

ylk] = ;‘—
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18.2 Graphic interpretation of Convolution

For each valae of & the discrete convolution

RIE] #+u[k] = i Ak — #]uli]

I=—ca

can be considered a succession of four operations.

1. & is flipped about : = 0. (hli] — A[—:])
2. } is then shifted to the right by &, {#[—i] — A[—(t —F)])
3. A is then multiplied by u. {f[k — Fju[f])
4. The sequence is sumimed to give
the &th value,
Example:
Censider the following impulse response and input signal.
hfk] l tefk]
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There are four non-zero {erms in the impulse response and eight non-
zero terms in the input signal.



Consider a fixed value of & and look at the signals in terms of i.
For k = -1 the term A[& —{]u[{] is zero, as would be the case for all <. The

sum 3., hjk — 1luft] is therefore zerq.
| — k=t
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The sum E Bk — f|ulé] is zero for all k < 0,

= -

For k = 0, k[k — iJuli} is not zero for all { because the signals overlap
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The sum f [k — fuli] is #[0]u[0] for & = 0,

I=—oa



For & a little larger than zerc, say & = 4 for example, Alk — {Ju[i] is again
not zero because the signals overlap

k=
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The sum > hlk — fJuli] for & =4 is

==

R[3Ju[1] 4 A[2]r[2] 4 A{t]2[3] + £J0]u]4]



For & equal to the sum of the lengths of the signals less two, & = 448-2 =
10 in this case, then A}k —:]ul+] is still not zero for all ; because the signals

just overlap

k=10
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The sum 5 klk — iJu[i] for k = 10 is A[3)ul7]
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Forvalues of £ > 10 the sum will be zero because the functions no-longer

overlap.

It can be seen then that the convolution will be non-zero only if 0 < k <

10, which iz for 11 values of k.



