23 Fourier Transform

Up to this point, only periodic signals have been considered. Aperiodic
signals can also be the subject of Fourier analysis.

Recall that the Fourder Series representation of a periodic signal fl[ )
with period P = 2%/, i5
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This can be extended to the aperiedic case by making P vexy large. In
the infinite case, the Fourier coefficients, ¢, form a continuum, which
is called a Frequency Spectrurm.



To develop this define F{muw,) = ¢, F, and w = muw,, then
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so the Fourier series becomes
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Noting m = w/uw,, defining w, = dw and making it small, makes P = 27/,
very large. The Fourier series becomes a continuum and the summation
an integration:
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The result 1s the
Fourier Transform Pair

Plw) = f Fl#)et
L

) = 5 f Flw)el™ du

F(w) is called the Fourier transformof f{t).

The process is defined as an operator on functions, so that

Flw)=F[f{th and  [f{t)=F""[F(w)].



23.1 Some Fourier Transform Paqirs

Time-Domain Impulse

Consider the time-domain impulse function f({) = §(f ~ £,}.
Iis Fourier transform is

Flw) = ?5(:_¢D]e—fw‘.ﬂ
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Thus the Fourier transform of an Impulse has unit magnitude {or all w.
i, =0 then F[(t)] = 1.

The significant cbservation is that when the signal is confined to a nar-
row pulse in the time-domain it is spread evenly over all frequencies in
frequency-domain.



Frequency-Domain Impulse

Consider the impulse funection in the [requency domain Fw) = 8w —w,).

Its inverse Fourier transform is
i1 = f 5 — w,)e?™ du

Wt
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Thus an impulse in the frequency domain is a complex exponential in
the time domain, which has unity magnitude over all time. fw, = 0
then f(i) =1/2=.

The significant observation is that when the signal {s confined to a
narrow pulse in the frequency-domain it is spread evenly in the time-
domain over all time.

Two Frequéncy-dnmain Impulses

The case of F{w) = #{w+w,)+ 4w —w,) gives an inverse Fourier transform
of

flt) = F [l + ) 4 Few — w,)]
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This confirms that a cosine {or sinusoidal) signal is the sum of complex
exponentials with positive and negative frequencies.



23.2 Some Properties of the Fourier Transform

The Fourier fransform has some of the same properties as the discrete
Fourier series of periodic signals, For example, the Fourier transform
of a real function has complex symmetry.

That is, given F{w) = F[f({)], where f{{) = f*({} (that is, f is rveal}, then
The magnitude of the frequency spectrum is even, that is

| ) = [F(—w)|
The phase of the frequency spectrumn is odd, that is

LF{w) = — L F{—w)

23.2.1 Time Reversal

Consider F(w) = F[f(#}]. If time ¢ is reversed, then the Fourier transform
of f(—t}is

FUH = [ fl-t)ehar
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This gives the time reversal property: a reversal in the time domain is a
reversal in the frequency domain. )

In other words, if signals with positive frequency travel forward in time,
then signals with negative frequencies travel backward in time.



23.2.2 Time Shift

A shift and scale of the time variable results in a scale and phase changes
in the Fourier transform. To see this, consider F{w) = F[f(t)], then the
Fourier transform of f{¢ —¢,) becomes

':'c-[f{t - ta]}
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This gives the time shift property: a shift in the time domain iz a phase
winding in the frequency domain:

Flft = o)) = e Ff(1)]




2323 Time Scale

Consider F(w} = F[f(t)]. If time { is stretched by factor z, then the
Fourier transform of f{at) is

Flfta] = [ flateta
- fm Flae™ ™  dyfa  letiing v = at
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This gives the time stretch property: a streteh in the tirne domain is a
Jrequenecy compression in the [requency domain:

If F(w) = F [f(1)] then

Fifa] =11 7 ()
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It is interesting to note that a signal stretched outl over a long time [«
small) becomes confined to a smaller range of frequencies.

23.2.4 Dudlity

There Is an obvious symmetry in the Fourier transform pair, which is
formally noted as a duality between the time and frequency domains.

Given that

Flw) = ff[t}e'j“”dt f{f}:%f}f"[w}e"-”*dw

That is:
Flw)=F[f(t)] and  f{t) = F' [Plw)].

The dual statement is

fwy=F[F(-t)]/2r  and  F@)=2wF ' [f{-w))



To derive this, first swap (he variables « and ¢ in the pair of equations.
Then rearrange the pair of equations to resemble the inverse operations:

Hw)

2ar

[EH
T

2n

Dar

2

7 F(the'™ dt
" 7 Fi)efet a!t]
‘— _fmﬁ'{—t}e—fw“ d.f,]

f F(—t)e ._ru}

FF{-t]]

Flu) e~

;—w f Fluw)eit dw]

e .
-—;z-?—r!f{—w}e dx.u]

& [ e

2 F [ f(—w]]



23.2.5 Frequency Shift

Frequency shift property:

If Flw) = F[f{t}] then
Ff{B)e] = Flw —w,)

This is easily shown
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23.3 Summary

A few of the properties of the Fourier transform. Flw) = F[f{]], that are
useful in signal analysis are:

Linearity

Time function a Fr(t) + e falt)

Fourier transform o3 f{w) 4 cnfyw)

Implication It is possible to decompose analy-
sis into simpler parts.

Frequency Shifting
Time function Flt) et
Fourier transform F{w — w,)

Implication It is possible to work at base band

[, = 0.
This is exactly the operation of amplitude modulation where an audio
signal is shifted to become a radio {requency.

Time Shifling
Time function flt—t,)
Fourier transform 7% Fi{w)

Implication Magnitude of the frequency do-
main is independent of time shift-

ing.



Time Scaling

Time function
Fourier transform

Implication

Time Reversal

Time function
Fourier transform

Implication

Duality

Time function
Fourier transform

Implication

f(at)
o F(5)

Fast time =ignals reguire wide
bandwidih.

f(-t)
Fl-w)

Negative frequency signals are re-
versed in time.

Flw) = Ff(#)]
flmw) = 5 F[F(2)]

Time-frequency relationships ex-
ist in reverse,



23.4 Rectangular Pulse

As and example, consider a one time rectangular pulse defined by

T —-1<<1
flt)= { 0 otherwise
Its Fourier transform is given by

Flw)y = [ fliyetd
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The rectangular pulse in the fime domain has the form (sin z)/z in the
frequency domain.

This gives the Fourier transform pair

fm={é;;ﬁii ) = F i) = 2

The duality property

flw) = 5-F (D)

then gives other Fourier transform pairs

Zsint L 1 -1 <w=1
it} = i fl-w) = 2_{ 0 otherwise
oT

5 in [l ~lgw<sl
Fit)= i flw) = 17"{ 0 otherwise
or

Bim ¢ . 1 =1 <=<w=1
F():ﬁ Jfl["“r)_{{] otherwise

The rectangular pulse in the frequency domain has the form (sinz)/x in
the time domain.



