24 Apeffodic Convolution

Consider the time-domain convelution of i(t) and w(t)
y(t) = hlt)«ult)
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The Fourier transform of y(t) is
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Convolution in the time domain is multiplication
in the frequency domain.

The property of duality implies the inverse as well. That is, multiplica-
tion in the time domain is convolution in the frequency domain.

Comnsider the frequency-domain convolution of #{w) and L(w)
Yiw) = H(w)sUlw)
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The inverse Fourier transform of Yi{w) is
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Convelution in the frequency dormain is multipli-
cation in the time domain.




24.1 Low-pass Filter

An ideal low-pass filter is a system whose output is the components of
the input that have a [requency less than the cut-off frequency of the
filter w,. That is, if the spectrum of the input is given by U(w) = F [u{t)]
then the spectrum of the ountput produced by the filter 1s

Yiw) = H{wili{w)

where
1 | S w.

Htw}={ 0 |w| > we

Thie Fourier translorm pair established in the rectangular pulse exams-
ple of section 23.4,

sint 1 —-1<w=1
) =—- Flw) = { 0 otherwise
gives, after applying the time scaling property, the transform pair
_ sinw,d ! || < w,
h) = - H{w) = { 0 |w| > w,

Now the frequency-domain relationship
Yiw) = H{w)/{uw)
is a convolution in the time domain

y(8) = ()« u(t)

This implies that the impulse response [u(f) = 4(¢)) of the ideal low-pass

filter is ,
__sin .t

h(t) =

it

Note that this is a non-causal system and can therefore never be re-
alised in practice.



24.2 Periodic Signals

24.2.1 Fourier Transform of periodic sighals

Consider a periodic signal f({} that has period P = 2x/w,, with Fourier

series representation

HORID WL m= | Fem d

m=—ca <P
The Fourier transform of this pericdic signal is
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since F [ei™=v] = 27 d(w — mw,} (See section 23.1).

Thus the Fourier transform of a perifodic signal is a sequence of im-
pulses with values proportional io the Fourier coefficients of the signal's

Fourier series.

The Fourier transform of a pericdic signal f{f)
with period P = 2w fw, is

Flw) =27 Z Emd [ — rrie, )
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Example

Consider a periedic sequence of impulses, with P = 2w,

ft) = Zéf—nP

n=—a0

The Fourier transform is given by

Fw) = 2 i Cnd(w — 1w, )
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Thus the Fourier transform pair for a periodic sequence of impulses is
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24.3 Sampling

In many applications. in particular computer or digital processing, it is
necessary to sample a continuous-time signal f{{) to produce a discrete-
time signal f.({). In most cases, the discrete-time signal is a sequence
of values given by the sampling f(£T') where % is an integer and ¥ is the
pericd of the sampling.

Sampling is defined as multiplication in the time domain by a train of
itnpulses.,

Lty =f(8) 3. 8(¢—kT),
hk=wca

which can be viewed in the frequency domain as a convolution.

FLM)] = %{FU ]*F[ 2 6*—!»1”)”

h=—ra

Given that F{f({)] = F{w) and F L % 31 — kT}] = & fj 8{w — miE)
then the Fourler transform of the sa“mpled gignal is
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Thus

Given the Fourier transform of a continmons-time
signal F [f()] = F{w)} then the Fourier transform
pair for the sampling of the signal is

MO=10 3 8(t-&T)

k=—oo
1 &= s
Falw) = 7 Z F (u: - m?)
Tho= — 30

Note that F.{w) is periodic with peried w, = 2n /T

Proof
Fiw) = % S Flw — muy)
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Tm:—m+1
= Fiw -+ ws)
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This implies that the spectrum is completely known if it is defined over
one period, say over the periocd U0 £ w < w,, or alternatively over the
period —uw, /2 < w < w, /2.

This is an important point because if the unsampled signal is to be
recovered from the sampled signal then F{w) must be zerc outside the
interval —w, /2 < w < w,/2. That is, zero when —r < w7 < =, [c.f. the
definition of the frequency of discrete-time signals).

This leads again to the sampling theorem presented in section 16.6.2.



24.3.1 Sampling Theorem

Let f{{} be a continuous-time signal whose frequency spectrum is band
limited to W (rad/s). Then f(t) can be recovered from its sampled se-
quence f{&1") if the sampling period T is smaller than =/W. That is if
w; = 2w /T is greater than 21V

Example

Constder a sinusoidal signal and ils Fourier transform

flt) = 2cos2mt
Flw) = #w—2r) + 5w+ 27)

This signal is band-limited to 2= rad/s.
Samgpling this signal in the time domain at a rate w, = 2.¥7 gives

Fslt) = 2cos2mt i 8(t — k/N)

k=—0c

N is the number of samples per period of f(t}. The sampling pericd is
T = 1/N, which should be less than 1/2 a second (i.e. & > 2},

The Fourier transform of the sampled signal is
o

Fw) = N Y Flw—m2n/T)
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This is a sum of the original Fourler transform F(w) — the term corre-
sponding to m = {0 — and copies of it shifted in the frequency domain
by mus,.



If ¥ » 2 then the only terms of the summation that appear in the in-
terval —Nn < w < ¥x {ie. for —7 < wi < =) are those for .m. = (L
That is, only the aoriginal Fourier transform £{w) occuples the interval
N < w < N

For example, if ¥ = 3 then the Fourler transform consists of impulses
at frequencies

vovy —1dm, =1, —8r, —dw, —37, 2r, 4r, 87, 107, 1d=w, ...

of which only those at —2x and 2= appear in the interval —3r < w < 3.
If all frequencies outside this interval are removed by a low-pass filter,

then the original signal f(2) is recovered.

If ¥ < 2 then terms in the summation for m # 0 will appear in the
interval —Nw < w & N, That is, a shifted copy of the original spectrum
will accupy some part of this interval.

For exampie, if ¥ = 3/2 then the Fourier transform consists of impulses
at frequencies

oy —im, =8Bm, —dm, —2r, -, m, 2w, 4%, 5w, T, |

of which only those at —r and r, appear in the interval -3¥%/2 < w <
37 /2. These correspond to m = —~1 and 1, respectively.

If all frequencies outside the interval —34° /2 <w £ 3IN®/2 are removed
by a low-pass filter, then the signal recovered will be 2coswt, which is at
a different frequency to that of the original signal,

This change in frequency is called aliasing, The original cosine signal at
a frequency 2r is aliased to & frequency of = when an attempt is made
to recover it from the sampled data.

The signal that is actually recovered is a copy of the original, which has
been shifted in the frequency domain.



24.3.2 Aliasing

Consider a continnous-time signal f(t) with a spectrum F(w), which is
band kimited to |w| < W. '
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When sampled at a rate 27/T, which. is greater than 2W a signal is
created with a spectrum that is the sum of copies of I'(w} centered on
frequencies of 2am /T '
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The criginal spectrum is contained within the interval —w /T < w < 7w /T,
so the original signal can be recovered. .

If the same rate is reduced, so that /T < W then the copies of F{w) will
averlap
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The coriginal spectrum no longer exists in any interval, so the original
signal cannct be recovered.



