25 Discrete Fourier Transform

Analysis of continuous-time signals with a computer requires two al-
terations. First, the signal must be sampled and second the number of
samples is restricted (by the amount of memory if nothing else). Thus
any computer based Fourier analysis on continuous-time signals is pre-
ceded by construction of a _finite length sample sequence. Usually, but
not necessarily always, the sampling is performed at regular intervals.

25.1 Discrete Data

Recall two important resnlts from the previous section.

« The Fourier transform of a periodic time-domain signal with peried’
P = 2rfw, I8 a sum of impulses, which are separated in frequency .
by w, = 2r/P.

¢« The Fourier transform of a sampled time-domain signal that is a
sum of impulses separated in time by T = 21 /w, is a periodic signal
in the frequency domain with period w, = 2x/T.

Either of these results implies the other by the duality property of the
Fourier transform.

If both the time and frequency domains are dis-
crete then both domains must be periodic.

Discrete data in both the time and frequency domains is required for
compuler processing. The time-domain seguence is a list of the val-
ues of the impulses that result from sampling a signal, and the second
result implies that the frequency-domain view of this sampled signal
must be periodic. The frequency-domain sequence is also a list of sizes
of impulses, so the first result implies that the time-domain view must
be periodic.



25.1.1 Time and Frequency Domains

Consider a sample sequence constructed by taking N samples of a sig-
nal f{#) at a regular sampling interval of T. The [requency-domain is
periodic with period w. = 27/T because it is copies of the spectrum of
f{t) shifted by multiples of w,.

The longest period In the time-domain samples is P = NT. This cor-
responds to the lowest observable frequency, so the frequency domain
impulses cannet be separated by less than w, = 2»/F.

Thus there are at most w,/u, = N values in one period of the frequency-
domairn.

The implication is that a sequence of ¥ values derived from sampling a
signal at a regular interval T has a related frequency-domain sequence
of V¥ values, which correspond to a sampling in the frequency domain
at a regular interval 2/ F (where P = NT).



25.2 Discrele Fourier Transform

Consider a discrete signal f[&] = f{kT), which has an envelope
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This is a sampling ol f{{} al rate w, = 2x/T.

The Fourier transform I, {w} of f.({) is periodic with period :w,. It is rea-
sonable to expect that only one period of F:(w) is sufficient to deseribe
the sampled signal.

To develop this, describe f(t) in terms of its Fourier transform:
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Dividing the integration into a sum of integrations each over interval w,
gives
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Setting t = AT and w, = 27 /T gives
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The integral can be approximated by a summation over intervals of dw =
w,. 80 that discrete values of Fy{w) at w = mw, where w, = 2r/NT, are
nsed.
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Now this is the basis for defining sequences f(k] = f{;T) and Fim| =
Fy(mw,) and the relationship:
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This can now be inverted to determine F[m] by talking another summa-
tion
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This establishes the Discrete Fourler Transform (DFT] pair:
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25.3 DFT versus FT

Although the DFT uses only ¥ terms, the sequence f[%| is periodic with
period N, so that f[&] = f[k+.¥]. This implies that if f[k] = f{&T") then f{1)
can be periodic with pericd NT, so it can be represented by a Fourier
series with fundamental frequency w, = 27/NT. The coefficients of this
series are ¢, = £'[m]/N.

The sequence F[w| is also periodic with period N, so that F[m]| = fm +
N]. This means thal F[—m] = F[N —]. Although the DFT is defined for
positive m. both positive and negaltive frequencies are represented.

25.3.1 Sampling Rate and Length

Continucus-time Fourier transforms can be approximated by sampling
the continuous-tirne signals and then using the Discrete Fourier Trans-
form. The time-domain sequence is sitnply f[k] = f{%T). The frequency-
domain sequence is F[m] = Fy(mu, ), which if no aliasing occurs, gives

Flmiw,) = T Flm]|

and
Fl—rmw,}=TF[N — m)]
for ¢ <m = N/2.
The maximum frequency magnitnde correctly represented is Nw, /2 =
w, 2, which is consistent with the sampling theorem.

The important restlt is that the sampling rate 1/T should be more than
twice the highest frequency in the signal's spectrum.

The number of samples N sets the frequency resolution to w, = 2w /NT,
which should be a multiple of the fundamental frequency of the time-
domain signal.



Example
Consider the continnous-time signal

fit) = 2 cos 300t -k 2 5in 400x .

Its Fourier transform is

F(uw) = 78(w + 400x) ++ 8(w - 3001) + & — 3007} — j8(er — 100a)

The signal’s fundamental [requency is 100x rad/s to which w, = 2r /N7
can be set.

The highest frequency in the signal is 4007, so 27 /7 must be at least
80Qmr,

Choosing 7' = 2 ms, which is less than 2= /800w, gives ¥ =10.~
This gives

Flk]={2.0, 0.558, —3.52, 3.52, —0.558, 2.0, 1.794, —0.284, 0.284, 1.784}

Flm] = {0.0, 0.0, 0.0, 500, —5007, 0.0, 5007, 500, 0.0, 0.0}

Note that #[m] = F{muw,)/T, and the frequencies corresponding to m =
0,1,...,0 are

0.0, 100w, 200, 300, 4007, £500m, —400r, —300m, —200x, —100T



